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Abstract. This paper presents a multi-AUV circular formation control method based
on virtual leader. Firstly, the second-order linear model of AUV is obtained by precise
feedback linearization method, and an adaptive sliding mode AUV trajectory tracking
controller is designed. AUV circular formation is generated by virtual leader formation
control method. Finally, the simulation results verify the effectiveness of the method.
Keywords: Feedback linearization, Adaptive sliding mode, AUV circular formation,
Virtual leader

1. Introduction. AUV (autonomous underwater vehicle) does not rely on the mother
ship to provide power, and has strong mobility, wide range of activities, and high opera-
tional efficiency [1], making it gradually become the main research object of researchers
in various countries. Its various technologies have been well developed, and have been
well applied in civil and military fields such as marine resource exploration, investigation
and surveillance, and anti-submarine. With the development and maturity of underwater
unmanned submersible technology, single autonomous underwater vehicle has been un-
able to meet the needs of the development, which makes multi-autonomous underwater
vehicle in the form of cluster collaborative task has become an inevitable trend in the
development of underwater unmanned submersibles.

In recent years, the multi-intelligent circular formation control problem has attract-
ed many scholars to study. For the multi-AUV moving-target hunting or collaborative
searching tasks, multi-AUV round-up areas or search areas are required to be as large as
possible. At this time, the circular formation is highly expandable, and the coverage area
is large [2]. Wang et al. [3] investigate the circular formation control problem of car-like
robots with limited sensing range. Xu et al. [4] investigate circular formation control prob-
lems for a group of anonymous mobile robots in the plane, where all robots can converge
asymptotically to a predefined circular orbit around a fixed target point without collision,
and maintain any desired relative distances from their neighbors. Sun et al. [5] discuss
the problem of controlling formation shapes for a group of nonholonomic unicycle-type
agents with constant speeds. The circular motion center is adopted as a virtual position
for each agent to define the desired formation shape. Marshall et al. [6] apply the classical
nonlinear cyclic tracking theory to the wheeled vehicle system with unicycle model, and
the vehicle formation finally forms a circular formation with the geometric center of mass
at the initial position as the center of the circle. The local stability of the balanced regular
polygon formed by the line of trolleys in a circular formation is analyzed. Chen et al. [7]
propose a new distributed formation flight protocol for unmanned aerial vehicles (UAVs)
to perform coordinated circular tracking around a set of circles on a target sphere. The
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proposed multi-AUV circular formation based on virtual leader has practical significance
for the capture of moving targets in the ocean. The formation control method using virtual
leader greatly reduces the dependence of formation members on the leader and improves
the formation flexibility.
This paper presents a multi-AUV circular formation control method based on virtual

leader. The rest of this article is organized as follows. In Section 2, the AUV nonlinear
model is transformed into a second-order linear model by using the precise feedback lin-
earization method. In Section 3, an adaptive sliding-film trajectory tracking controller is
designed and the stability of the controller is analyzed. In Section 4, a circular forma-
tion controller based on virtual leader is proposed. In Section 5, the performance of the
controller is verified by simulation. Section 6 is the summary of the article.

2. Construction of AUV Feedback Linearization Model. Feedback linearization
control is to apply state feedback to the nonlinear system so that the closed loop system
becomes linear. In [8], the microgrid secondary voltage control is transformed into a
linear second-order tracker synchronization problem by feedback linearization. Aiming at
the problem that the nonlinear and strong coupling model of AUV leads to the difficulty
of controller design, the nonlinear model is linearized by feedback linearization method,
then the complex model is transformed into a linear second-order integral model, and the
system error of the nonlinear model is eliminated.
In Figure 1, E-ξηζ is the northeast coordinate system, i.e., the fixed coordinate system,

and O-xyz is the hull coordinate system, i.e., the inertial coordinate system. The detailed
mathematical model of the AUV is built as follows.

Figure 1. AUV coordinate diagram

The AUV is full-actuated. The following dynamics and kinematics model is developed
in the body coordinate system:{

η̇ = J(η)v

Mv̇ = g′τ − C(v)v −D(v)v − g(η)
(1)

In the model, η = (x, y, z, θ, ψ)T ∈ R5 is position vector of the AUV in the fixed
coordinate system. The velocity vector of the AUV in the hull coordinate system is
v = (u, v, w, q, r)T ∈ R5. M is the inertial matrix and J(η) is the transition matrix.
C(v) is the Coriolis and centripetal force matrices. D(v) is the lifting force moment and
hydrodynamic drag. The restoring force and torque vector is g(η). The input vector of
the AUV actuator is τ = (τu, τv, τw, τq, τr)

T ∈ R5 and g′ ∈ R5×5 is the parameter matrix
of the actuator. The higher order damping term and the effect of hull swing on the AUV
motion are not considered.
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Kinematic model: 

ẋ = u cosψ cos θ − v sinψ + w cosψ sin θ

ẏ = u sinψ cos θ + v cosψ + w sinψ sin θ

ż = −u sin θ + w cos θ

θ̇ = q

ψ̇ = r/ cos θ

(2)

The AUV model is appropriately transformed for the subject in this paper:{
η̇ = J(η)v

v̇ =M−1g′τ +M−1N(η, v)
(3)

The above (3) is transformed into the following form for the model linearization:

ξ̇ = f(ξ) +M1g
′τ (4)

The output quantity of the nonlinear system is the position vector, and the nonlinear
model of the AUV is as follows: {

ξ̇ = f(ξ) + g(ξ)τ

ς = h(ξ)
(5)

In the model, f(ξ) =M1

[
J(η)v N(η, v)

]T
, g(ξ) =M1g

′, h(ξ) = (x, y, z, θ, ψ)T .
It can be seen from the definition of the Lie derivative in [9]:

ς̇ =
∂h

∂ξ
(f(ξ) + g(ξ)) (6)

The first Lie derivative L2
fh(ξ), LgLfh(ξ) can be obtained with the following form:{

Lfh(ξ) = J(η)v ̸= 0

Lgh(ξ) = 0
(7)

Similarly, according to the definition of the second-order Lie derivative, we can obtain

ς̈ =
∂Lfh(ξ)

∂ξ
(f(ξ) + g(ξ)τ) (8)

While the second-order Lie derivative has the following form:
L2
fh(ξ) =

∂Lfh(ξ)

∂ξ
f(ξ) ̸= 0

LgLfh(ξ) =
∂Lfh(ξ)

∂ξ
g(ξ) ̸= 0

(9)

According to the definition in [9], the sum of the relative orders of the model is

ρ1 + ρ2 + ρ3 + ρ4 + ρ5 = 10 (10)

where ρ1 = ρ2 = ρ3 = ρ4 = ρ5 = 2, that is, the sum of the relative order is equal to the
order of the system (10). It can be seen that the AUV model can be accurately feedback
linearized and has a solution.

Select coordinate changes as follows:{
z1(ξ) = (h1(ξ), h2(ξ), h3(ξ), h4(ξ), h5(ξ))

T

z2(ξ) = (Lfh1(ξ), Lfh2(ξ), Lfh3(ξ), Lfh4(ξ), Lfh5(ξ))
T (11)

And {
ż1 = z2

ż2 = L2
fh(ξ) + LgLfh(ξ)τ

(12)
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If U = L2
fh(ξ) + LgLfh(ξ)τ , then the actual control input under a new coordinate

transformation is as follows: τ = (LgLfh(ξ))
−1(U − L2

fh(ξ)).
The AUV linearized mathematical model of AUV is obtained as{

ż1 = z2

ż2 = U
(13)

At this time, the construction of the AUV linearized model is achieved.

3. AUV Trajectory Tracking Control. In this paper, the method of sliding mode
control is used to realize AUV 3D trajectory tracking control under steady ocean current
environment.

Assumption 3.1. The desired trajectory of AUV ηd is smooth and bounded, η̇d and η̈d
are also bounded.

Assumption 3.2. Ocean current disturbances are always bounded.

Set ηd as the desired motion track, it is assumed that the ocean current disturbance is
steady, the ocean current size is v m/s, the flow direction angle is α, then z1d(t) = ηd(t),
z1e(t) = z1(t)− z1d(t), z2e(t) = z2(t)− z2d(t) + vdis, in the inertial coordinate system, the
influence of ocean current disturbance on AUV velocity is

uc = v ∗ (cosα cosψ + sinα sinψ)
vc = v ∗ (− cosα sinψ + sinα cosψ)

vdis = (uc, vc, 0, 0, 0)
T

(14)

where uc is the amount of interference of ocean current disturbance to AUV longitudi-
nal velocity, and vc is the amount of interference of ocean current disturbance to AUV
transverse velocity.
Defining the sliding surface:

s = k1z1e(t) + k2z2e(t) (15)

where ż1e(t) = z2e(t), ż2e(t) = U(t), take first derivative of t of (15), we can obtain

ṡ = k1z2e(t) + k2U(t) (16)

where k1, k2 > 0, taking the exponential approach rate:

ṡ = −ks− εsgn(s) (17)

where k is the constant velocity approach coefficient, k > 0, ε is the exponential approach
coefficient. ε = k3|si|, 0 ≤ k3 < 1 and ε > 0. Substituting (17) into (16), the control
quantity U can be obtained:

U(t) = (−kk1z1e(t)− (kk2 + k1)z2e(t)− εsgn(s))/k2 (18)

Through simulation and data reference, it is found that the controller obtained by taking
this approach rate can achieve stability and convergence, but it will bring continuous
periodic chattering, which cannot achieve the stable output of the actuator. Therefore,
the chattering caused by the sliding mode controller can be eliminated by designing an
adaptive variable parameter method.
Let ε = k3|s|, where |s| is the modulus of the sliding surface, 0 ≤ k3 < 1, and ε is

proportional to |s|. When the system state is far from the sliding surface, ε will be larger,
which can shorten the time of stable convergence of the system. When approaching the
sliding surface, ε is infinitely close to zero, and the chattering-free sliding mode control is
realized.
Taking ε into (18), the final virtual control quantity can be obtained:

U(t) = (−kk1z1e(t)− (kk2 + k1)z2e(t)− k3|s|sgn(s))/k2 (19)

The following is proof of controller stability.
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The Lyapunov function is selected as follows:

y =
1

2
sT s (20)

The derivative of the first order of the above formula is

ẏ = sT ṡ = (k1z1e(t) + k2z2e(t))
T (k1z2e(t) + k2U(t)) (21)

Substituting (19) into (21), we can get

ẏ = (k1z1e(t) + k2z2e(t))
T [k1z2e(t) + k2((−kk1z1e(t)− (kk2 + k1)z2e(t)− k3|s|sgn(s))/k2)]

= (k1z1e(t) + k2z2e(t))
T [−kk1z1e(t)− kk2z2e(t)− k3|s|sgn(s)]

= −k(k1z1e(t) + k2z2e(t))
T (k1z1e(t) + k2z2e(t))− k3s

T |s|sgn(s)
= −k1sT s− k3s

T s ≤ 0 (22)

It can be seen from (20) that Lyapunov function is positive definite, and from (22)
that the derivative of Lyapunov function is negative definite. Therefore, under the action
of control input (19), the closed-loop system is stable and convergent, and the following
simulation experiment also verified the stability of the controller.

4. AUV Circular Formation Control. Formation requirements: The circular forma-
tion can be realized based on the virtual leader, and the formation can be maintained in
a three-dimensional space. The formation is shown in Figure 2.

Figure 2. Schematic diagram of formation

In Figure 2, L represents the virtual leader, and F1, F2, F3 and F4 are the followers of
the AUV, respectively. If the formation is constrained by the constraint quantity in the
schematic diagram, the formation cannot be maintained through a traditional constraint
mode in a three-dimensional space. This paper proposes the following constraint method:{

ηL + di = ηFi

η̇L + dvi = η̇Fi

i = 1, 2, . . . , n (23)

ηL is the motion state of the virtual leader and ηFi is the motion state vector between the
virtual leader and follower i.{

di = (R cos(ψL + (i− 1)β), R sin(ψL + (i− 1)β), 0, 0, (i− 1)β)
dvi = (rLR, 0, 0, 0, 0)

i = 1, 2, . . . , n (24)

R is the distance between the virtual leader and the follower, and β is the deviation of
heading angle between follower and virtual leader.

If there are n AUVs in the virtual leader-follower formation, and the motion state vector
of the follower i at time t is εi(t) = ηi(t), then the motion state vector of the virtual leader
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is εL(t) = ηL(t). If (25) is satisfied, the formation maintenance and stability convergence
can be realized:

lim
t→∞

|εi(t)− εL(t) + di| = 0

lim
t→∞

|ε̇i(t)− ε̇L(t) + dvi| = 0
i = 1, 2, . . . , n (25)

If z1d(t) = ηL and z2d(t) = VL, ηL and VL are the attitude vector and velocity vector of
the virtual leader, then the two input deviations can be expressed as{

zi1e(t) = zi1(t)− z1d(t)− di

zi2e(t) = zi2(t)− z2d(t)− dvi
(26)

Defining the sliding surface:

si = k1zi1e(t) + k2zi2e(t) (27)

where żi1e(t) = zi2e(t), żi2e(t) = Ui(t), take first derivative of t of (27), we can obtain

ṡi = k1zi2e(t) + k2Ui(t) (28)

where k1, k2 > 0, taking the exponential approach rate:

ṡi = −ksi − εsgn(si) (29)

where k is the constant velocity approach coefficient, k > 0, ε is the exponential approach
coefficient. ε = k3|si|, 0 ≤ k3 < 1 and ε > 0. Substituting (29) into (28), the control
quantity Ui can be obtained:

Ui(t) = (−kk1zi1e(t)− (kk2 + k1)zi2e(t)− k3|si|sgn(si))/k2 (30)

In the model, U is the controller input of follower i.

5. Simulation. The four follower AUVs were deployed in the environment, first to
achieve a circular formation at the horizontal level, and then to maintain a circular for-
mation at a depth of 30 meters. The deviation of xi(0) and yi(0) from the initial expected
position [−10, 10] m, the initial range of zi(0) is [−3, 3] m, the initial range of initial
attitude and heading angle is [0, 1] rad, the initial range of longitudinal velocity is [0, 0.5]
m/s, all other velocities are initialized to 0 m/s, and the controller parameter is k = 1,
k1 = 0.2, k2 = 0.8, k3 = 0.007. Radius of circular formation R = 60 m, the flow velocity of
the steady ocean current is 0.2 m/s, and the flow direction is 30 degrees. The simulation
results are as follows.

Figure 3. Northward displacement and longitudinal velocity of AUV
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Figure 4. The vertical displacement and velocity of AUV

Figure 5. The heading angle and heading angle velocity of AUV

Figure 6. 3D trajectory of AUV
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It can be seen from the three-dimensional trajectory diagram that multiple AUVs firstly
form a circular formation on the horizontal plane. When the virtual leader begins to
submerge, the formation members begin to submerge under the condition of maintaining
the circular formation, and finally maintain at the specified depth. Although the speed of
each AUV will overshoot when the formation trajectory is switched, the overshoot is also
within the control range of the formation controller, and the position and speed of the
AUV can track the expected value in time, which verifies that this formation controller
has good control effect.

6. Conclusions. Starting from the nonlinear model of AUV, this paper uses the method
of precise feedback linearization to construct the linearized mathematical model of AUV.
Then, the sliding surface is established for the pose and velocity errors, and the adaptive
variable parameter AUV sliding mode controller is given. Through the trajectory track-
ing simulation experiment, it is verified that the controller designed by the linear model
has better control effect. Finally, based on the single controller, a multi-AUV circular
formation controller is designed according to the virtual leader formation strategy. The
simulation results show that the designed formation controller has good control perfor-
mance and can meet the formation requirements.
The circular formation control method proposed in this paper can only be established

when the virtual leader does the submarine work at a constant speed. For other motion
states of the leader, further research is needed. In addition, the influence of the delay of
underwater acoustic communication on formation control is not considered in this paper.
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