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ABSTRACT. Ideal theory plays an important role in studying in ring theory and semigroup
theory. A partially ordered semigroup is one of generalizations of the classical semigroup.
Many results in semigroups were extended to results in partially ordered semigroups.
Many results in ideal theory of partially ordered semigroups were widely investigated.
In this paper, we study two almostity of interior ideals of partially ordered semigroups
and applications of fuzzy sets on both two almostity of interior ideals of partially ordered
semigroups. We define almost interior ideals and weakly almost interior ideals of partially
ordered semigroups. Every almost interior ideal of a partially ordered semigroup is clearly
a weakly almost interior ideal but the converse is not true in general. The notions of both
almost interior ideals and weakly almost interior ideals of partially ordered semigroups
are generalizations of the notion of interior ideals. We investigate basic properties of both
almost interior ideals and weakly almost interior ideals of partially ordered semigroups.
Moreover, we introduce fuzzifications of almost interior ideals and weakly almost interior
ideals of partially ordered semigroups. We investigate their properties. Finally, we give
some relationship between almost interior ideals (weakly almost interior ideals) and their
fuzzifications.

Keywords: Almost interior ideals, Weakly almost interior ideals, Fuzzy almost interior
ideals, Fuzzy weakly almost interior ideals

1. Introduction. In 1965, Zadeh [1] first introduced the notion of fuzzy subsets. Ap-
plications of fuzzy subsets have been developed in many fields. In this communication,
we will focus on applications of fuzzy sets in algebraic structures. Rosenfeld applied fuzzy
subsets on groups. He defined fuzzy subgroups of groups and investigated their remark-
able properties in [2]. Applications of fuzzy subsets in semigroups were first considered by
Kuroki [3]. Later, fuzzy subsets were studied in many algebraic structures. The definition
of almost ideals of semigroups (or A-ideals) was first studied by Grosek and Satko [4]
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in 1980. Now, the notions of almost ideals in semigroups were extend to some general-
izations of semigroups, for example, almost ideals in ternary semigroups [5], and almost
hyperideals in semihypergroups [6]. Wattanatripop et al. [7, 8] first studied application of
fuzzy subsets for almostity of ideals of semigroups and showed relationship between almost
ideals and their fuzzifications of semigroups. Later, the applications of fuzzy sets for al-
most ideals were defined and studied in many algebraic structures, for example, in ternary
semigroups [5], in I-semigroups [9], in semihypergroups [10], and in LA-semihypergroups
[11]. Furthermore, Kaopusek et al. [12] using the concepts of interior ideals and almost
ideals of semigroups, defined the notions of almost interior ideals and weakly almost in-
terior ideals of semigroups. Moreover, they investigated their basic properties. Later,
fuzzifications of almost ideals in [12] were studied in [13]. A partially ordered semigroup
(shortly, a po-semigroup) is a generalization of the classical semigroup (see [14]). Many
results in semigroups were extended to results in po-semigroups (for example, see [15]).
Recently, almost ideals of a po-semigroup were first studied in [16, 17]. For the motivations
of this paper, we will extend both almost interior ideals and weakly almost interior ideals
and their fuzzifications in semigroups to that in po-semigroups. The results in [12, 13]
will be special cases of the results of this paper. First, we will recall the basic definitions
and notations in Section 2. For the purpose of this paper, we will define almost interior
ideals and weakly almost interior ideals of po-semigroups in Section 3 and apply fuzzy
sets to studying fuzzifications of both almost interior ideals and weakly almost interior
ideals of po-semigroups in Section 4. We conclude significant results of this paper and
suggest some future works in Section 5.

2. Preliminaries. Firstly, we recall the definitions and some notations of fuzzy sets. A
fuzzy subset of a set S is a membership function from S into the closed unit interval [0, 1].
Let S be any set and f and g be any two fuzzy subsets of S.
(1) The intersection of f and g (using the notation fNg) is a fuzzy subset of S defined
as follows:

(fNg)(z) =min{f(x),g(x)} for all x € S.

(2) The union of f and g (using the notation f U g) is a fuzzy subset of S defined as
follows:

(fUg)(x) =max{f(z),g(x)} for all x € S.
(3) fCgif f(x) < g(zx) for all x € S, and we say that f is a fuzzy subset of g.

For any fuzzy subset f of any set S, the support of f (using the notation supp(f)) is
a subset of S defined by supp(f) = {z € S| f(x) # 0}. We note that if f C g, then we
have that foh C goh and supp(f) C supp(g) for any fuzzy subsets f, g, h.

For any subset A of any set .S, the characteristic mapping C'4 of A is a fuzzy subset of

S defined by
1 z€eA
C = ’
a(@) {0 x ¢ A.

For any element x of any set S and a real number ¢t € (0, 1], a fuzzy point x; ([18]) of
S is a fuzzy subset of S defined by

SURE

A semigroup is a nonempty set S together with a binary operation -: § x S — S
that satisfies the associative property (zy)z = x(yz) for all z,y,z € S. The algebraic
structure (5, -, <) is called a partially ordered semigroup or an ordered semigroup (shortly,
a po-semigroup) if

(1) (S,-) is a semigroup,
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(2) (S, <) is a partially ordered set, and
(3) for all z,y,z € S, if x <y, then zz < yz and zx < zy.

Let S be a po-semigroup. For a nonempty subset A of S, we denote (A] := {z € S |
x < a for some a € A}. Let A and B be any two nonempty subsets of a po-semigroup S.
The following statements hold.

(1) AC (4]
(2) If A C B, then (A] C (B].
(3) (AnB] C (A]N(B] and (AU B] = (A]U (B].

For nonempty subsets A and B of a po-semigroup S, we denote AB := {ab | a € A
and b € B}. A nonempty subset A of a po-semigroup S is called a subsemigroup of S if
AA C A. A subsemigroup [ of S is called an interior ideal of S if (1) SIS C I and (2) if
x € I and s € S such that s < z, then s € I, that is, (I] C I.

Let F(S) be the set of all fuzzy subsets of an ordered semigroup (.5,-, <). For any
f,g € F(S) and x € S, we define the product of f and g by fog:S — [0,1] such that

sup min{ f(u),g(v)} if x < wuv where u,v € 5,
(Fog)@) = | <
0 otherwise.

Let f, g and h be fuzzy subsets of a po-semigroup (S, -, <). If f C g, then foh C goh.
A fuzzy set f of S is called a fuzzy subsemigroup of S if f(xy) > min{f(x), f(y)} for
all z,y € S. A fuzzy subsemigroup f of S is called a fuzzy interior ideal of S if for all
r,y €S, (1) if x <y, then f(x) > f(y) and (2) (fol)A (1o f) C f. For a fuzzy subset
f of S, we defined (f]: S — [0, 1] by

(fl(x) =sup f(y) for all x € S.
<y

Let f, g and h be fuzzy subsets of an ordered semigroup S. The following statements
hold.

(1) f<(f]-
(2) It f C g, then (f] < (g].
(3) If f C g, then (foh] C (goh]and (ho f] C (hog].
For a fuzzy subset f of S. The following statements are equivalent.
(1) If <y, then f(z) = f(y).
2) (fI=1.

3. Almost Interior Ideals. In this section, we give the definitions of almost interior
ideals and weakly almost interior ideals of po-semigroups. Moreover, we investigate their
properties.

Definition 3.1. Let S be a po-semigroup. A nonempty subset I of S is called an almost
interior ideal of S if (alb]N I # O for all a,b € S.

Theorem 3.1. Let S be a po-semigroup. Fvery interior ideal of S is an almost interior
1deal of S.

Proof: Let I be any interior ideal of a po-semigroup S and let a, b be any two elements
of S. Then (alb] C I. This implies that (alb] NI # (. We can conclude that [ is an
almost interior ideal of S. O

We show that the converse of Theorem 3.1 is not generally true in Example 3.1.

Example 3.1. We consider the po-semigroup Zs under the addition with the partial order
<= 1dy,. We have that I = {0,2,3} 1s an almost interior ideal of Zs. It is easy to see
that I is not an interior ideal of Zs.

Theorem 3.2. Let I and J be any two nonempty subsets of a po-semigroup S such that
I C J. If I is an almost interior ideal of S, then J is also an almost interior ideal of S.
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Proof: Let H be a subset of S containing I and let a,b € S. Then (aIb] NI C (aJb]
NJ. We have (aJb] N J # () because (aIb]NI # (. Hence, J is an almost interior ideal of
S. O

From Theorem 3.2, we have the following corollary.

Corollary 3.1. Let S be a po-semigroup and I, Iy be any two almost interior ideals of
a po-semigroup S. Thus, Iy U Iy is also an almost interior ideal of S.

Proof: Since I; C I; U Iy, by Theorem 3.2, I; U I is an almost interior ideal of S. O

Example 3.2. We consider the po-semigroup Zs under the addition with the partial order
<=idg,. Let I, = {0,2,3} and I, = {1,3,4}. It is easy to show that I, and I, are almost
interior ideals of Zs. However, we have that Iy N I, = {3} is not an almost interior ideal
Of Z5 .

From Example 3.2, we can note that the intersection of almost interior ideals of a
po-semigroup need not be an almost interior ideal.

Definition 3.2. Let S be a po-semigroup. A nonempty subset I of S is called a weakly
almost interior ideal of S if (ala] NI # O for all a € S.

We note that every almost interior ideal of a po-semigroup S is a weakly almost interior
ideal of S. However, the converse is not true by the following example.

Example 3.3. We consider the po-semigroup Zy under the addition with the partial order
<= 1dy,. We see that I = {O, 2} 15 a weakly intertor ideal but not an almost interior
ideal of Z4.

Theorem 3.3. Let [ and J be any two nonempty subsets of a po-semigroup S such that
I C J. If I is a weakly almost interior ideal of S, then J is also a weakly almost interior
ideal of S.

Proof: Let a be any element of S. Since I C J, (ala]NI C (aJa]NJ. So (aJa]NJ #
() because (ala) NI # (. Therefore, J is a weakly almost interior ideal of S. O
From Theorem 3.3, the following corollary holds.

Corollary 3.2. Let I1 and Iy be any weakly almost interior ideals of a po-semigroup S.
Then I, U Iy is also a weakly almost interior ideal of S.

Proof: Since I} C I; U I, it follows from Theorem 3.3 that [; U I5 is a weakly almost
interior ideal of S. O

Example 3.4. We consider the po-semigroup Z4 under the addition with the partial order
<=idy,. Let I = {0,2} and I, = {1,3}. We see that both I, and I5 are weakly almost
interior ideals of Zy. However, we find that I, N Iy = 0 is not a weakly almost interior
ideal of Z.

From Example 3.4, we can note that if [; and I, are any two weakly almost interior
ideals of a po-semigroup, then I; N Is need not be a weakly almost interior ideal.

In the last theorem of this section, we give the necessary and sufficient condition for
po-semigroups having no proper weakly almost interior ideals.

Theorem 3.4. A po-semigroup S has no proper weakly almost interior ideals if and only
if for each element a of S, there exists b, such that (b,(S \ {a})bs) = {a}.

Proof: Assume that a po-semigroup S has no proper weakly almost interior ideals.
Let a be any fixed element of S. So S\ {a} is not a weakly almost interior ideal of S.
This implies that there exists an element b, € S such that (b,(S \ {a})b.] N (S\ {a}) = 0.
Therefore, (b,(S \ {a})b.] = {a}.
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Conversely, we let A be any proper subset of S. Thus, A C S\ {a} for some a € S.
By assumption, there exists an element b, € S such that (b,(S\ {a})bs.] = {a}. Then
(baAby] M A C (bo(S\ {a})ba] NS\ {a} ={a} NS\ {a} =0, this implies that (b,Ab,] N A
= (). Therefore, A is not a weakly almost interior ideal of S. a

4. Fuzzy Almost Interior Ideals. In this section, we focus on applying fuzzy set theory
to studying fuzzifications of both almost interior ideals and weakly almost interior ideals of
po-semigroups. Moreover, we investigate their basic properties and show the relationship
between their fuzzification and them.

Now, we define fuzzifications of almost interior ideals of po-semigroups as follows.

Definition 4.1. A fuzzy subset f of a po-semigroup S is said to be a fuzzy almost interior
ideal of S if for all fuzzy points zy,, y, of S, we have (x4 o foy,] N f#0.

Example 4.1. We consider the po-semigroup Zs under the addition with the partial order
<=1dg,. Define a fuzzy subset f of Zs by

f(O)=0, f(1)=06, f(2)=0, f(3) =01, f(4) =02
It 1s easy to see that f is a fuzzy almost interior ideal of Zs.

Next, fuzzification of weakly almost interior ideals of po-semigroups is defined as follows.

Definition 4.2. A fuzzy subset f of a po-semigroup S is said to be a fuzzy weakly almost
interior ideal of S if for all fuzzy points xy,, x4y, of S, we have (x4, o f oxy,| N f #0.

Furthermore, we note that every fuzzy almost interior ideal of a po-semigroup S is a
fuzzy weakly almost interior ideal of S.

Example 4.2. We consider the po-semigroup Ze¢ under the addition with the partial order
<= 1idy,. Define a fuzzy subset f of Z¢ by f (6) =0.6, f (T) =0, f (5) =0, f (3) =0,
f (Z_l) = 0.3 and f (5) = 0. We have that f is a fuzzy weakly almost interior ideal of Zg
but not a fuzzy almost interior ideal of Zg.

Theorem 4.1. Let f and g be any two fuzzy subsets of a po-semigroup S such that f C g.
Suppose that f is a fuzzy almost interior ideal of S. Then g is also a fuzzy almost interior

tdeal of S.

Proof: Let z;, and y;, be any two fuzzy points of S. We note that x and y are elements
in S and t; and ¢, are real numbers where ¢1,t; € (0,1]. Since f is a fuzzy almost interior
ideal of S, (x4, o foy,] N f #0. Since f C g, (x4, 0 foy,|Nf C (x4, 0 goys,]Ng. This
implies that (x4 o g o yi,] Mg # 0. We can conclude that g is a fuzzy almost interior ideal
of S. a

From Theorem 4.1, the following corollary holds.

Corollary 4.1. Let f and g be any two fuzzy almost interior ideals of a po-semigroup S.
Thus, fU g is also a fuzzy almost interior ideal of S.

Proof: Since f C fUg, by Theorem 4.1, f U g is a fuzzy almost interior ideal of S. O

Theorem 4.2. Let f and g be any two fuzzy subsets of a po-semigroup S such that f C g.
Assume that f is a fuzzy weakly almost interior ideal of S. Then g is also a fuzzy weakly
almost interior ideal of S.

Proof: The proof of this theorem is similar to the proof of Theorem 4.1. a
We have the following corollary holds by Theorem 4.2.

Corollary 4.2. Let f and g be any two fuzzy weakly almost interior ideals of a po-
semigroup S. Thus, f U g is also a fuzzy weakly almost interior ideal of S.

Proof: The proof of this corollary is similar to the proof of Corollary 4.1. a
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Example 4.3. We consider the po-semigroup Zs under the addition with the partial order
<= idy,. Define fuzzy subsets f and g of Zs by f(ﬁ) = 0.1, f(T) =0, f(?) = 0.1,
f(3) =04, f(4) =0and g(0) =0, g(I) =03, g(2) =0, g(3) =04, g(4) = 0.5.
We have that both f and g are fuzzy almost interior ideals of Zs but f N g is not a fuzzy
almost interior ideal of Zs.

By Example 4.3, we can note that if f and g are any two fuzzy almost interior ideals
of po-semigroups, then f M g need not be a fuzzy almost interior ideal.

Example 4.4. We consider the po-semigroup Zeg under the addition with the partial order
<= idg,. Define fuzzy subsets f and g of Ze¢ by f(0) = 0.1, f(I) =0, f(2) = 0.3,
f(3) =0 f4) =0 f(5 =0andg(0) =05 g(I) =0,9(2) =0, g(3) =0,
g (4) =08, g (5) = 0. We have that f and g are fuzzy weakly almost interior ideals of
Zg but f N g is not a fuzzy weakly almost interior ideal of Zsg.

Likewise, we can conclude that if f and g are any two fuzzy weakly almost interior
ideals of po-semigroups, then f N g need not be a fuzzy weakly almost interior ideal.

Theorem 4.3. Let I be a nonempty subset of a po-semigroup S. Then I is an almost
interior ideal of S if and only if Cy is a fuzzy almost interior ideal of S.

Proof: Assume that I is any almost interior ideal of a po-semigroup S and let x;, and
Yz, be any two fuzzy points of S. We have (zIy|NI # (. So there exists an element z € S
such that z € (zly] and z € I. Thus, z < zay for some a € I. So (x4, o Croy,](z) #0
and Cy(z) = 1. Hence, (x4, o Cy o y,]NCy # 0. We can conclude that Cy is a fuzzy almost
interior ideal of S.

Conversely, suppose that C7 is a fuzzy almost interior ideal of S. Let x, y be any two
elements of S. Then (x;, o Croy,] N Cr # 0 for all real numbers t;,t, € (0,1]. Then
there exists z € S such that [(z;, 0 Croy,]NC](2) # 0. Hence, z € (zly]N1I. So
(xIy] N1 # (. Consequently, I is an almost interior ideal of S. O

The proof of this following theorem is similar to the proof of Theorem 4.3.

Theorem 4.4. Let I be a nonempty subset of a po-semigroup S. We have that I is a
weakly almost interior ideal of S if and only if C; is a fuzzy weakly almost interior ideal

of S.

Theorem 4.5. Let f be a fuzzy subset of a po-semigroup S. Then f is a fuzzy almost
interior ideal of S if and only if supp(f) is an almost interior ideal of S.

Proof: Let f be any fuzzy almost interior ideal of a po-semigroup S. Let x;, and y,
be any two fuzzy points of S. Thus, (x;, o f oy,|N f # 0. Hence, there exists an element
a € S such that [(z¢, o foy,] N f](a) # 0. So f(a) # 0 and there exists an element b € S
such that a < zby and f(b) # 0. That is a,b € supp(f). Thus, (z¢, 0 Csupp(r) © Y1z (@) # 0
and Cyypp(r)(a) # 0. Therefore, (a:tl © Coupp(f) oth] N Csupp(ry 7 0. Hence, Cyypp(y) 1s a
fuzzy almost interior ideal of S. By Theorem 4.3, we can conclude that supp(f) is an
almost interior ideal of S.

To prove the converse, we suppose that supp(f) is an almost interior ideal of S. By
Theorem 4.3, we have that Cpys) is a fuzzy almost interior ideal of S. Let z;, and
Ys, be any two fuzzy points of S. Then (2, o Caupp(s) © Yt2] N Cosupp(y # 0. Therefore,
there exists an element a € S such that [(z4, © Coupp(s) © Yt2] N Csupp(py] (@) # 0. Hence,
(24, © Cupp(s) © Yts) (@) # 0 and Cuypp(py(a) # 0. Then f(a) # 0 and there exists an
element b € S such that a < xzby and f(b) # 0. This means that (x;, o foy,|] N f # 0.
Therefore, f is a fuzzy almost interior ideal of S. a

Theorem 4.6. Let f be any fuzzy subset of a po-semigroup S. Then f is a fuzzy weakly
almost interior ideal of S if and only if supp(f) is a weakly almost interior ideal of S.
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Proof: The proof of this theorem is similar to the proof of Theorem 4.5. a

Next, we define the minimality of fuzzy almost interior ideals in po-semigroups and give
some relationship between minimality of almost interior ideals and minimality of fuzzy
almost interior ideals of po-semigroups.

Definition 4.3. A fuzzy almost interior ideal f of a po-semigroup S is called minimal if
supp(g) = supp([f) for every fuzzy almost interior ideal g of S such that g C f.

Theorem 4.7. A nonempty subset I of a po-semigroup S is a minimal almost interior
tdeal of S if and only if Cy is a minimal fuzzy almost interior ideal of S.

Proof: Let I be a minimal almost interior ideal of S. By Theorem 4.3, we have that C7
is a fuzzy almost interior ideal of S. Let g be any fuzzy almost interior ideal of S such that
g € Cy. By Theorem 4.5, we have that supp(g) is an almost interior ideal of S. Moreover,
we have that supp(g) C supp (Cr) = I. Since I is minimal, supp(g) = I = supp (Cr). We
can conclude that C; is minimal.

Conversely, we assume that C; is a minimal fuzzy almost interior ideal of S. Let I’ be
any almost interior ideal of S where I’ C I. This implies that C} is a fuzzy almost interior
ideal of S such that C» C C7. Hence, I' = supp (Cp) = supp (Cy) = I. Therefore, I is
minimal. O

We give the necessary and sufficient condition for po-semigroups having no proper
almost interior ideals in the following corollary.

Corollary 4.3. Let S be a po-semigroup. Then S has no proper almost interior ideal if
and only if supp(f) = S for every fuzzy almost interior ideal f of S.

Proof: Let f be a fuzzy almost interior ideal of S. By Theorem 4.5, we have that
supp(f) is an almost interior ideal of S. Since S has no proper almost interior ideal,
supp(f) = S.

Conversely, suppose that I’ is a proper almost interior ideal of S. By Theorem 4.7, we
have that C} is a fuzzy almost interior ideal of S. Thus, supp (C}) = I' # S, which is a
contradiction. Hence, S has no proper almost interior ideal. O

Next, we will study the minimality of fuzzy weakly almost interior ideals of po-semi-
groups.

Definition 4.4. A fuzzy weakly almost interior ideal f of a po-semigroup S is called
minimal if for each fuzzy weakly almost interior ideal g of S such that g C f, we have

supp(g) = supp(f).

Theorem 4.8. A nonempty subset I of a po-semigroup A is a minimal weakly almost
interior ideal of S if and only if Cy 1s a minimal fuzzy weakly almost interior ideal of S.

Proof: The proof of this theorem is similar to the proof of Theorem 4.7. O
From Theorem 4.8, we have the following corollary. We give the necessary and sufficient
condition for po-semigroups having no proper almost interior ideals in this corollary.

Corollary 4.4. Let S be a po-semigroup. Then S has no proper weakly almost interior
ideals if and only if for all fuzzy weakly almost interior ideals f of S, supp(f) = S.

Proof: The proof of this corollary is similar to the proof of Corollary 4.3. a

5. Conclusions. In this paper, we define some novel ideals and fuzzy ideals of po-
semigroups and investigate their remarkable properties. In Section 3, we define almost
interior ideals and weakly almost interior ideals of po-semigroups. We show that the un-
ion of two (weakly) almost interior ideals is also a (weakly) almost interior ideal but
the intersection of them need not be a (weakly) almost interior ideal in po-semigroups.
Moreover, we investigate the necessary and sufficient condition of po-semigroups having
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no proper weakly almost interior ideals in Theorem 3.4. In Section 4, we apply fuzzy set
theory on fuzzifications of both almost interior ideals and weakly almost interior ideals
of po-semigroups. We show that the union of two fuzzy (weakly) almost interior ideals
is also a fuzzy (weakly) almost interior ideal but the intersection of them need not be a
fuzzy (weakly) almost interior ideal in po-semigroups. We give some relationship between
almost interior ideals and their fuzzification as shown in Theorems 4.3-4.8. We give the
necessary and sufficient condition of po-semigroups having no proper (weakly) almost
interior ideals by checking all (weakly) almost interior ideals in Corollaries 4.3 and 4.4.
In the future work, we can study other kinds of almost ideals and fuzzifications in
po-semigroups or almost ideals and fuzzifications in other algebraic structures.
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