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ABSTRACT. The main goal of this study is to elucidate the theoretical approximation
capability of neural networks with time-variant weight. In this paper, we show that the
approzimation capability of the time-variant network can be extended to time-variant dy-
namical systems. Moreover, the algorithm is designed according to the expression form of
2-D continuous-discrete system. Finally, one simulation of time-variant neural networks
s given to shown effectiveness of the obtained results.
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1. Introduction. In recent years, considerable attention has been paid to the applica-
tion of neural networks in the modeling and identification of dynamic processes. This
focus is mostly due to the increasing demand for system identification [1-4], intelligent
control systems [5-7], etc. There are two types of connections in neural networks. Neural
networks with only feed-forward connections are called feed forward networks, and neural
networks with arbitrary connections are often called recurrent neural networks. Clarify-
ing the theoretical capabilities of these neural networks provides important information
for learning algorithms and their applications [8-12]. In terms of the theoretical capabil-
ity of the recurrent neural networks, the approximation possibility to several dynamical
systems has been considered. A given trajectory of a dynamical system can be approxi-
mately realized by an appropriate continuous time recurrent network. The similar results
of the discrete time recurrent network for discrete systems and continuous time recurrent
network for non-autonomous systems have been shown [13-16].

The objective of this manuscript is to study the approximation capability of time-
variant neural networks. It is shown that the approximation capability is extended to
time-variant dynamical systems. The results presented in this paper confirm the use of
time-variant neural networks approach to the time-variant dynamical system. The rest of
this paper is organized as follows. Theoretical proofs of approximation capability of time-
variant neural networks are presented in Section 2. Algorithm based on time-varying
neural network is designed in Section 3. In Section 4, the simulation results are obtained.
A brief discussion and summary concerning the main results are provided in Section 5.

2. Approximation Capability of Time-Variant Neural Networks. In practical
situations, there exist many nonlinear time-variant systems. So in this section, based on
the continuous neural networks, the time-variant neural networks that can approximate
any nonlinear time-varying systems are studied.
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Consider the neural networks with time variant weight:

0z(z,t)
ot

where o(-) is a Cl-sigmoid nonlinear activation function, 2 € R* and « is a fixed constant,
chosen as 0 < a < 1. W(t) is a weight matrix. We will show that time-variant neural
networks in the form of Equation (1) with an arbitrary positive small « are capable of
approximating the dynamics of a time-variant nonlinear system. The following lemma is
the basis of the approximation of time-variant nonlinear systems using neural networks.

= az(z,t) + W(t)o(z(x,t)) (1)

Lemma 2.1. Let the continuous time-variant mapping relation be f(x,t) : @x[0,T] = R
and set the neural network approzimation accuracy ey > 0. For an arbitrary t; € 0,77,
there exists f(x,t;) = fi(x); select the neural network basis function o;(z) : Q — RE, the
weight vector W € R% and an arbitrary positive small a (o is an n X n diagonal matriz),
which satisfies the approximation accuracy. In this case, for any continuous time-variant
weight vector W*(t) : [0, T] — R that meets W*(t;) = W}, there exists 6; > 0, such that,
for all |t —t;] < §;
[z, 1) = —ax(t) + W(t)oi(x(t) + (2, 1)

holds.

Proof: For fixed t; € [0, 7], there exists a fixed continuous function f(x,t;) = f;(x).
Hence, there exists an optimal time-variant weight function vector W € R' and a neural
network basis function o;(z) : Q — R% such that

fiz) = Wioi(z) + &i(x)

where |&;(z)| < €y, and [; is the node number of the corresponding neural network at
this moment. Let f(z,t) be a nonlinear function for each ¢ € [0, T], without considering
the global approximation accuracy, for any W*(t;) = W/, there exists a continuous time-
variant weight vector function W*(t) : [0, 7] — R" such that

flz,t) =W*(t)o,(z) +e(x,t) VeeQ tel0,T]

where £(x,t) is the network reconstruction error and e(z, t;) = g;(x).

Let F(z,t) = —ax(t) + W*(t)oi(x(t)) + e(x,t) for Vo € Q and |a(t)] < 4. Next, we
need to consider that within the scope of ¢, the inequality max,cq |e(x,t)| < €5 holds.
Based on the definition of the network reconstruction error, we have

e(x,t) = F(z,t) + ax — W*(t)o;(z) = F(x,t) + ax — f(x,t;) = W*(t)oi(x)  (2)
Take f;(x) = W (t)o;(z) + €;(x) into (2), and take the absolute values of both sides.
le(z, )] < |F(x,t) = filz)| + (W () = Wi @)llloi(x)[| + lei(x)] + o] (3)

Because F(xz,t) is uniformly continuous, by the definition of uniform continuity, for an
arbitrary e; > 0, there exists d; > 0 such that for ||t — ;|| < d;

|F(z,t) = fix)| <ef

holds. Similarly, because W*(t) is continuous, for an arbitrary positive e; > 0, there
exists ey > 0 such that for all ||t —tf]| < ow, [[W*(t) — W}*|| < ew. In view of the basis
function o;(x) being a Gaussian model and the finite dimension for each element in [0, 1],
there exists opax(x) > 0 such that ||o;(x)|| < omax(z). Considering all of the elements as
mentioned above, take into Equation (3)

ez, ) < [F(x,t) = filx)| + [[W7(8) = W7 (O) [ lomax ()] + max |ei(2)] +|az|  (4)
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Based on the previous analysis, we can adjust the neighboring domain of ¢; to make
|F(z,t) — fi(x)| and ||W*(t) — W (t)| sufficiently small, where oy () is a fixed value
and max,eq |€;(x)| < g;r. Therefore, there must be a nearby neighborhood of ¢; such that

[F(@,t) = fl@)| + [IWF(2) = Wi ()| llowmax (@) +max|ei(@)] + |az] <&y (5)

Defining £ = {(eir,ew,€a)leiy > 0, ew > 0, €a > 0, €15 + €wOmax + €0 = €15 —
max,ecq |€;(2)|}, the meaning of E can satisfy the inequality in Equation (4) such that
|f(z,t) — fi(x)| and |[W*(t) — W/|| are the upper bounds of the collection. Define A; =
{5|(6f’5W7504) € E}7 for all ||t - tz” <0, Vz €, |f(l‘7t) - fz(x>| <Ef ||W*(t) - sz*” <
ew. The meaning of A; is the set of § neighbors near t; that satisfy the inequality in
Equation (5). Let §; = max{A;} and then, lemma can be obtained.

The following theorem is the basis for the approximation of the time-variant system
using the time-variant neural network.

Theorem 2.1. Let Q C R"™ be an open set, Do C 2 be a compact set, and f(z,t) :
Q x [0,T] = R™ be a C'-class vector function. For a time-variant system,

= f(z(t),t) z€Q tel0,T]

Set the neural network approzimation accuracy ;¢ and the fized constant o to satisfy
0 < a < 1. Given this, there exists a piecewise continuous optimal time-varying weight
vector function W*(t) : [0,T] — R and a corresponding basis function neural network
o(x) : Q — RY such that

fz(t),t) = —ax(t) + W*(t)o(x(t)) + e(z,t) 2€Q te€]0,T]

where e(x,t) = f(x,t) — W*(t)o(z(t)) is the approzimate error and £(x,t) is a piecewise
continuous function that satisfies |e(x,t)| < .

Proof: Lemma 2.1 shows that, for any time ¢; € [0, 7], the method can approximate
the nonlinear mapping of a neural network, on the premise of guaranteed accuracy of the
expanded field near the moment. Due to the limited [0, 7], there must be a finite time
sequence {t;} and corresponding neural network basis functions {o;(-)}, that can maintain
the precision extension field sequence {N;} (N; = {t||t — t;| < d;},i =1,2,...,n) covering
the whole period [0, 7T]. In every neighborhood, the corresponding neural network basis
function can approximate the nonlinear time-variant function, and the precision of the
approximation error satisfies the given requirement.

Based on Lemma 2.1, suppose that ¢; corresponds to the basis function neural network

dimension I;. Then, o;(-) : Q@ — RY, where o;(:) = [0}(2),0%(2),...,00 (z)], and the
weight vector for the continuous time-variant neural network is W7 (t) : [0,T] — R,
where W7 (t) = [Wi(t), Wi(t), ..., W (t)]T. Then, for |t — t;| < 0;, there exists

F(z,t) = —ax(t) + W T ()oi(z(t) + &i(, 1))

where ;(x,t) is the network reconstruction error, and satisfies |g;(z,t)| < 4.

Considering the time series {t;} that covers [0, 7] and their corresponding neighborhood
sequence {N;}, without loss of generality, assume that the sequence of the selected areas
and any two adjacent neighborhood overlap. Then, the function F'(x,t) can be expressed
as a piecewise function in the following form:

—ax(t) + Wi (t)oy(x(t) + e1(z,t)) 0<t <t +&
—ax(t) + Wit (t)oo(x(t) + ea(m, 1)) t1+ 01 <t <ty+ 09
F(z,t) =

—ax(t) + W (o, (x(t) + en(x,t)) th+0, 0 <t<T
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Define W*(t) = [Vi7(t), V(1) VT (0] and o(x) = [o(2), 08 (2), .., 0% (x)]"
where V*(t) : [0,T] — RL, i =1,2,...,n, and let

v t) WZ*(t) ti—0;, <t <t +9;
S0 = 0], t<ti—dort>t+

Obviously, W*(t) : [0,T] — R is a piecewise continuous time-variant nonlinear func-
tion and o(z) : © — R! is a neural network base function, where L = I} + Iy + -+ + [,,.
Define

81(1’,t) 0§t§t1+51
82($,t) tl +51 S t S tQ —|—(52
e(z,t) =

571(17775) tn—l + 571—1 S t S T

Clearly, for Vo € Q, |t — t;| < 0; and we have |¢;(x,t)| < &/5. Based on the definitions of
W*(t), o(x) and V;*(t), we can obtain

F(x,t) = —az(t) + W*(t)o(z(t) + e(z,t)) 2€Q t€]0,T]

and |6i(l’,t)| < Erf-

From the theoretical proof, we can see that the essence of the approximation is that any
finite time trajectory of a given n-dimensional dynamical system can be approximately
modeled by the internal state of the output units of a continuous time recurrent neural
network.

3. Algorithm Design. In the process of multi-layer feedback neural network training
weight matrix, each variable of nonlinear continuous system is related to two indepen-
dent dynamic factors: continuous time and the number of training iterations. Using the
expression form of 2-D continuous-discrete system, Equation (1) can be expressed as

2 (t, k)
ot

The training iteration of connection weight matrix of nonlinear continuous system can

be defined as

— —az(t, k) + W(t, k)o(z(t, k) (6)

W(t,k+1)=W(tk)+ AW (t, k) (7)
Assume that the difference between the real value and the simulated value is the amount
of deviation e

e(ta k) = y(t) o l‘(t, k) (8)
where y(t) € RE.
Let the initial condition of the weight matrix be
z(0,k) =x(0) =y(0) k=1,2,... (9)

and

n(t k) = /0 w(r k4 1) — a(r, k)]dr (10)

e(t,k+1)—e(t k)
=x(t,k) —x(t,k+ 1)

= an(t, k) — /o [fWh(r k+1),z(1,k+ 1)) — f(Wi(7, k), 2(T, k))]dT (11)

So we can get

AW, (t, k) = (@ + Wit k)(o(x(t k) — o(x(t, k+ 1))))
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x ((o(z(t,k+ 1)) o(z(t, k+ 1)))_1 x (o(z(t,k+1)))" (12)

4. Simulation Results. To further verify time-variant neural networks in Section 2 to
a dynamical time-variant system. In this section, we present a numerical example with
simulation result to demonstrate the effectiveness of the proposed results in the previous
section. Experimental studies that apply the time-variant system were considered as the
following mathematical model:

dp: (t)
praial 210 )
W p2t) — patt

with initial conditions p;(0) = 0, po(0) = 1.

The training of Equation (1) was used for the approximation of the time-variant dy-
namical system (13).

In the presented results, the parameter o of Equation (1) was set to 0.01, and the basis
function tanh(x) was chosen for o(z). For convenience, both the time-variant system (13)
and Equation (1) were discretized in the simulation with a sampling interval of 0.01. The
real-time modeling algorithm is iterated twice at each time point.

By comparative Figure 1 and Figure 2, it can be seen that the nonlinear time-variant
system (13) can be approximated by Equation (1) with a very high degree of accuracy.

The simulation solution and numerical solution of p1
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The simulation solution and numerical solution of p2
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This modeling algorithm has a good real-time performance. At each time point, it usually
requires only a few iterative training operations to achieve the modeling accuracy required
by the nonlinear continuous system we want to simulate, and this method has a small
amount of calculation. Moreover, the results show that time-variant dynamical systems
can be approximately modeled by time-variant neural networks.

5. Conclusions. The main contribution of this paper is to prove that time-variant neu-
ral networks can be used to uniformly approximate time-variant dynamical systems. The
proof used in this paper is constructive. The simulation presented here illustrates the ap-
proximation capability of a time-variant neural network for nonlinear time-variant system.
Our method solved the problem of nonlinear system identification based on time-varying
neural networks. However, it should be mentioned that diffusion or time-variant delay of
nonlinear systems is usually unavoidable, and this can be described by diffusion neural
network or time-variant delay neural network, which makes one of possible directions in
the future.
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