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ABSTRACT. In this paper, we introduce the notion of M-bi-bases of an ordered I'-semi-
group, which is a generalization of the bi-base based on a I'-semigroup and an ordered
semigroup. Some of their characterizations are obtained through M -bi-bases. Let W be
an M -bi-base of an ordered I'-semigroup S and z1, 22,23 € W. If 21 € (N(z3 X I x 29) U
23X DX (SXTx -+ xT x8S) xT' X 29], then prove that either zy = z9 or z1 = z3. If W
is an M-bi-base of S and z1,z0 € W and z; # 22, then show that neither z1 <,.p 22, nor
z2 <mb 21- In addition, we discuss an M-bi-base, which is generated by an element and
a subset, and we introduce the concept of a quasi order, which is based on an M -bi-base.
With the help of some examples those are discussed.
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1. Introduction. Several authors and researchers have characterized the many different
ideals based on I'-semigroup [1], and I-semiring [2]. A partial order is a relation “<”
which satisfies the conditions such as reflexivity, antisymmetry, and transitivity. The
different classes of semigroup and I'-semigroup have been characterized based on bi-ideal
13, 4, 5]. The origin of an ordered semigroup as a generalization of an ordinary semigroup
with a partially ordered relation is constructed on a semigroup such that the relation is
compatible with the operation. Sen and Seth have discussed an ordered I'-semigroup [6]
and it has been studied by several authors [7, 8,9, 10]. The notion of a bi-ideal of semirings
and semigroups is a generalization of the notion of an ideal of semirings and semigroups.
An ordered I'-semigroup is a generalization of ['-semigroups. As a result, the notion of
an ordered bi-ideal of an ordered semigroup is a generalization of the notion of a bi-ideal
of semigroups. The notion of bi-ideals in semigroups was introduced by Lajos [11]. The
concept of a bi-ideal is a very interesting and important thing in semiring. The bi-ideal is a
generalization of the left and right ideals. Many mathematicians proved important results
and characterizations of algebraic structures by using various ideals. An M-bi-ideal of
a semigroup is a generalization of the concept of a bi-ideal of a semigroup [12]. In the
same way, the notion of an ordered M-bi-ideal of an ordered semigroup is a generalization
of the ordered bi-ideal of an ordered semigroup. From a pure algebraic point of view,
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the important properties of M-bi-base have been described. Because of these motivating
facts, it is natural to generalize semigroup results to I'-semigroups and I'-semigroups
to ordered I'-semigroups. Jantanan et al. [13] discussed the bi-base of an ordered I'-
semigroup. Palanikumar and Arulmozhi discussed various ideals based on semirings and
ternary semirings [14, 15, 16]. Recently, Sanpan et al. [17] discussed the new logical theory
for the regularities of ordered gamma semihypergroups.

Our purpose in this paper is to examine many important results of M-bi-base of or-
dered I'-semigroups and then to characterize them through AM-bi-ideal and M-bi-base.
Furthermore, we show how the element and subset of an ordered I'-semigroup gener-
ate the M-bi-ideal and M-bi-base. The paper is organized into four sections as follows.
Section 1 is called an introduction. In Section 2, a brief description of the ordered I'-
semigroup information is given. Section 3 provided a numerical example of the M-base
generator. Finally, a conclusion is provided in Section 4. The purpose of this paper is

1) To show how to generate M-bi-ideals from an ordered I'-semigroup;
2) The relationship “<” based on M-bi-base is not a partial order;
3) To illustrate, the subset of M-bi-base is not an M-bi-base.

2. Background. We present a brief summary of the basic notions and concepts used in
an ordered ['-semigroup that will be of high value for our later pursuits. In this article, S
denotes an ordered I'-semigroup, unless otherwise stated.

Definition 2.1. [1] Let S and T be two non-empty sets. Then S is called a T-semigroup
if there exists a function from S x I' x S — S which maps (21,&, 20) — z1€22 satisfying
the condition (z1£29)vzg = 21&(20v23) for all 21,290,235 € S and &, v € T.

Definition 2.2. [6] The algebraic system (S,I',<) is said to be an ordered I'-semigroup
if it satisfies the following conditions:

(1) S is a T'-semigroup,

(2) S is a partially ordered set (poset) elicited from “<”,

(8) If 8" < &, then s"€s' < §"€s" and §'6s”" < §'6s”, for any §',s",s" € S and £ € T.

Definition 2.3. Let W C S be called an ordered T'-bi-ideal if it satisfies the following
conditions:

(1) W is a I'-subsemigroup,
(2) WISTW C W,
(3) If w e W, and s’ €S, such that 8 < w, then s’ € W.

Remark 2.1. [6] For X', X" CS,
(1) X'TX" = {'¢2"|2’ € X', 2" € X", € € T'},
(2) (X' ={seS|s<a for some 2’ € X'},
(3) X' € (X7],
(1) If X' C X", then (X'] C (X"] and (X'|D(X"] C (X'TX"].

Lemma 2.1. For WC S and a € S,
(1) (WU WI'W U WISI'W] is a smallest I'-bi-ideal of S containing W.
(2) (a)p = (aUal'aUal'ST'a] is a smallest I'-bi-ideal of S containing “a”.

Definition 2.4. [13] Let W C S be called a bi-base of S if it satisfies the following
conditions:

(1) S = (W),
(2) If VCW such that S = (V);, then V=W.
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3. M-bi-base Generator. We communicate some results on M-bi-ideal and its gener-
ator.

Definition 3.1. Let S be an ordered I'-semigroup, W C 'S is called an M -bi-ideal of S if
it satisfies the following conditions:

(1) W is a I'-subsemigroup,

(2) WXxT x(SXxT'x---xI'xS M-times) x ' x WC W,

(3) If w e W and s € S such that s < w, then s € W.

Remark 3.1. For z; € S and N, M are positive integers, then the following statements
hold:

(1) Nzy =21 X I'x 23 X I' x -+ - x I X 21 (N-times),

(2) SXTXSXI'x -+ xT'xS (M-times) CSXT x -+ xT'xS (M-1 times).

Theorem 3.1.

(1) For z; € S, the M-bi-ideal generated by “a” is (z1)mp = {21 UN (21 X I' X 21) U 21 X
Ix(SxI'x---xI'xS M-times)xI"x 2z} and N > M, where N and M are positive
integers,

(2) For W C'S, the M-bi-ideal generated by “W” is (W) = {WUW x ' x WU W x
X (SXTx---xT'xS M-times) x I' x W},

Definition 3.2. Let W C S be called an M-bi-base of S if it satisfies the following
conditions:

(1) S = (W),

(2) If VCW such that S = (V),p, then V.=W.

Example 3.1. Let S = {01, 09, 03,04,05,06} and I' = {&, &}, where &, & are defined on
S with the following table.

§1]01 02| 03| 040506 §2101 02| 03| 04] 0506
01|01 |01]01|01|01]|0¢ 01|01 |04 |01 |04 ]|04] Og
02|01 |01]01|02]|03]| 0¢ 02 |01 | 02|01 |04 ]|04] Og
03|01 |02|03]|01|01]|0¢ 03|01 |04|03|04]|05| Og
04 101 |01 |01|04]|05 | Op 04 | 01 | 04|01 | 04|04 | Op
O5 |01 |04|05| 01|01 | 0Op O5 |01 |04 | 03 | 04 | O5 | Op
06 | 06 | O6 | O6 | O6 | O6 | O¢ O | 06 | O6 | O6 | O6 | O6 | O¢

<= {(01, 01), (01, 06), (02, 02), (02, 06)7 (03, 03), (03, 06)7 (04, 04), (047 06)7 (057 05), (05, 06), (067
06)}. Clearly, (S,T',<) is an ordered I'-semigroup. The covering relation <:= {(01,0¢),
(02,06), (03,06), (04,06), (05,06) } is represented by Figure 1. Here, W = {o4,05} is an
M -bi-base of S. The set of all non-empty proper subsets of W is not an M-base of S.

FicUure 1. Covering relation
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Theorem 3.2. Let W be an M-bi-base of S and z1,20 € W. If 21 € (N(z2 x I' X z5) U
2o X X (SXT x -+ xT'xS) XTI X 2, then z; = 2.

Proof: Assume that 21 € (N(2a X T'X 29) Uz X ' (SXT'x -+ xI'xS) x I" X 25, and
suppose that z; # z5. Let V.= W\ {z1}. Obviously, V.C W. Since z; # 25, 20 € V. To
show that (V),,, =S, clearly, (V),;, C S. It remains to prove that S C (V),,;. Let s € S.
By hypothesis, (W),,, =S and hence s € (WUW XTI X WUW XxI'x (SxI'x---xI'xS) x
['x W]. We have s < w for some w € WUW X' x WUWXI'x (SxI'x---xI'xS)xI'x W.
We can observe the following cases.

Case-1: Let w € W. There are two subcases to survey.

Subcase-1(a): Let w # 2z, then w € W\ {21} =V C (V).

Subcase-1(b): Let w = 2z;. Wehave w =21 € (N(z2 X I' X 29) U2zg X ' x (Sx ' x -+ x
IXS)XTX 2] C(VXTXVUVXT X (SXTx---XxT'xS)xT xV]C (V).
Case-2: Let w € W x I' x W. Then w = wy X & X ws, for some wy,wy € W and £ € .
Then there are four subcases to regard.

Subcase-2(a): Let wy = z; and wy = 21. Now, w = wy; X £ X wy = 21 X & X 21 C
(N2 xT'x29) Uzag XxI'x (SXT x -+ XI'xS) X' x 29) X I' x (N(22 x I' X 29) U2zg X
Fx(SXI'x---xI'xS)XxI'x2)] C (VXX (SxTx---xI'xS)xT' xV]C (V).
Subcase-2(b): Let w; # z; and wy = 2. Now, w = wy xEXwy C (W\{21}) Xx'x (N(29
XTX2)Uzg XX (SXT X+ XTI XS)XT'x25)] C(VXT X (SXxTx-+-xI'xS)xT' xV]
Subcase-2(c): Let wy = z; and wy # 2. Now, w = w; X & X wg C ((N(2z2 X ' X 25) U 29
XTx(SXT X+ XT'xS)xT' X 29) X' (W\{21})] C (VXTI X (SXxI'x---xI'xS)xI'xV]
Subcase-2(d): Let w; # 2z; and wy # z; and V=W \ {z1}. Now, w = w; X £ X wy €
(WA {z1}) xI'x (W\{z1}) =V xT xVC (V).

Case-3: Let w € WX I'Xx (SxI'x-+-xI'xS)xI'x W. Then w = w3 X & X (s1 X & X 3 X
s X &y X Sy) X v X wy for some ws,wy € W, s1,89,...,8, €S and & v,&,&,...,& €.
There are four subcases to examine.

Subcase-3(a): Let w3 = z; and wy = z1. Now, w = w3 X E X (81 X & X Sg X -+ X &y X 8p,) X
UXwy = 21 XEX (51 XE X Sg X+ XEy X Sp) XX 2z1 T ((N(2aXT' X 29)Uzo X' (SXI'x -+ - X
PXxS)XTXxz2) XITX (SXT X+ XI'XS) XTI X (N(zg X' X 25)Uzg xI'x (SxT x
X IXS) XX 29)] C(VX DX (SXxTx---xI'xS)xI'x V] C (V).
Subcase-3(b): Let w3 # z; and wy = z1. Now, w = w3 X £ X (51 X & X §3 X -+ X &, X
Sp) XU Xwy CT(WA\{z1}) XxIx (SXTx---XxI'xS) xI'x (N(22 xI' x 29) Uzg xI' X
(SXxIx---XxI'xS)xI'x2)] C(VXxIXx(SXxIx---xI'xS)xI'xV]C (V).
Subcase-3(c): Let w3 = z; and wy # z;. Now, w = w3 X £ X (81 X & X $3 X -+ X &, X
Sp) XU Xwy C((N(22 XD X 29)Uzg XTI X (SXT X+ XxT'XS)XT' X 29) x ' x (SXT X
X T XS)XTX (WA {z1 D] S (VXT x(SXxTx---xI'xS)xT xV]C (V)
Subcase-3(d): Let w3 # z; and wy # z; and V.= W\ {z1}. Now, w = w3 x & X (51 X
X Sa X XEXS)XUXwy C(VXTX(SXIx---xT'xS)xI'xV]C (V) For
all the cases, we have S C (V),,,;,. Thus, S = (V). It is a contradiction, hence z; = z5.

Theorem 3.3. Let W be an M-bi-base of S and 2y, 29,23 € W. If z; € (N(23 X I' X z9) U
23 X DX (SXT x - xT'xS) XTI X 29, then z; = z9 or z; = 23.

Proof: Proof follows from Theorem 3.2.

Definition 3.3. For any s1, 82 € S, $1 <pp S2 <= (S1)mp C (S2)mp 15 called a quasi order
on S.

Remark 3.2. The order <,,;, is not a partial order of S.

Example 3.2. By Example 3.1, Clearly, (02)mp C (06)mp and (06)mp C (02)mp but 03 # 0.
Hence, <, is not a partial order on S.
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If Vis an M-bi-base of S, then (V),,, =S. Let s € S. Then s € (V),,, and so s € (21)mp
for some z; € V. This implies (8),p C (21)mp- Hence, s <5 21.

Remark 3.3. If W is an M-bi-base of S, then for any s € S, there exists z; € W such
that s <, 21.

Lemma 3.1. Let W be an M-bi-base of S. If 21,29 € W such that zy # 2z, then neither
21 Snb 22, NOT 22 Sppp 21-

Proof: Assume that z;, 2o € W such that z; # z5. Suppose that z; <,,; 22. Let V =
W\{z1}. Then z, € V. Let s € S. By Remark 3.3, there exists z3 € W such that s <,,; z3.
We think about two cases. If z3 # 21, then z3 € V; thus, (8);p C (23)ms € (V). Hence,
S = (V),p, which is a contradiction. If zz = z1, then s <,,; z2. Hence, s € (V),;, since
29 € V. Hence, S = (V),,,;, which is a contradiction. Similarly to prove other case.

Lemma 3.2. Let W be an M-bi-base of S and 21, 25,23 € W and s € S.

(1) If 21 € ({22 X E X 23} UN({za X E X 23} X I' X {29 X £ X 23}) U {29 X £ X 23} x ' X
(SXT x -+ xT'xS)xT x {2z XX z3}], then z1 = 23 or z; = z3,

(2) If z1 € ({za X EX (51X & XS X+ -+ X & X 8p) XU X 23 UN ({22 X EX (51X & X 59X+ -+ X
En X Sp) XU X 23} X T X {2g X E X (81 X & X 89 X -+ X & X 8p) XV X 23})U{zn X
EX (51 XE XS X XE XSp)XUX2z3p XX (SXTx---xI'xS)xT' x{z x
EX (81X & X 89X+ XE XSp) XV X z3}|, then 2y = 2z or 21 = z3.

Proof: (1) Suppose that z; # 29 and z; # z3. Let V = W\{z}. Clearly, V.C W,
Since z; # 2z and 2, # z3 imply 29,23 € V. To prove that (W),,, C (V),,;, it suffices to
determine that W C (V),,,,. Let v € W, if v # 2 that v € V and hence v € (V). If
v =2z, thenv =2 € ({zaxEX2z3JUN({zaxEx 23} xI'x{zaxE X 25})U{za X E X 23} x '
(SXI'x-+ - xI'xS)XxT'x{zgxEx 23} C (VXI'XV)UV XTI X (SxI'x---xI'xS)xI'xV C
(V)mp. Thus, W C (V),,,. This implies (W),,, C (V),,5. Since W is an M-bi-base of S
and S = (W), € (V) € S. Therefore, S = (V),,;, which is a contradiction. Hence,
Z1 = %9 O 21 = Z3.

(2) Suppose that z; # 2z and 2 # z3. Let V.=W\{z}. Clearly, V.C W. Since 2y # 25
and z; # z3, imply 29,25 € V. To prove that (W),,, C (V),;, it remains to prove that
W C (V). Let v € W, if v # 2z that v € V and so v € (V). If v = 2, then
v=12 € ({za X EX (51X & X sg %X+ XE X8) XvX2z3p UN{za xE&x (51 %x& X
Sg X oo X & X Sp) XUXz3p X Ix {zg X & X (851 X & X 89 X+ X & X8,) XV X z3})U
{Za X EX (51 X & X Sg X -+ XE X 8) XU X3 XX (SXTx--- xT'xS) xT'x {2
XEX (51X & X Sg X+ XEX8y) XXz} ] C(VXIX(SXxTx - xI'xS)xI'x V] C
(V). Thus, W C (V),,,,. This implies (W), € (V). Since W is an M-bi-base of S
and S = (W), € (V) €S, S = (V),, which is a contradiction. Hence, z; = 29 or
Z1 — Z3.

Lemma 3.3. Let W be an M -bi-base of S,

(1) If 21 # 2z and z1 # z3, then 21 Lpmp 22 X € X 23,
(2) If 21 # 2o and z1 # z3, then 21 Lomp 22 X € X (81 X &1 X Sg X -+ X &, X 8p) X U X 23,
for z1,29,23 e W, &, vel and s; €S,1=1,2,...,n.

Proof: (1) For any zj,29,23 € W, let 23 # 25 and z; # 23. Suppose that z; <,;
2o X EX zz and 21 € (21)mp C {(22 X & X 23) bop = ({(22 X € X 23) F U N({(22 X & X 23)} X
Fx{(zaxEx23) ) U{(2 X EX 23)} xIx (SXxTx -+ xIT'xS) xIT x{(22 x&x 23)}].
By Lemma 3.2(1), it follows that z; = 29 or z; = 23, which is a contradiction.

(2) For any z1, 29,23 € W, let 21 # 29 and z; # z3. Suppose that z; <., 22 X £ X
(51X & X 89 X +++ X & X 8,) XV X 23, we have z1 € (21)mp C {(220 X I' X (81 X & X 59 X

e X &y X Sp) XU X Z3) by = ({(22 X I' X (51 X & X 89 X -+ X & X 8,) XV X 23)}U
N{(z2xT'x (51X & X sgX -+ XE X 8,) XvX23)} X I {(2g X' X (51 X & X 89% -+ X
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En X Sn) XU X 2z3) ) U{(22 X' X (51 X & X 59X -+ X & X 8,) xvXxz3)p xI'x (SxTI' x
o X T XS) X T x {(2g X T X (81 X & X 89X+ X&, X8,) XX z3)}. By Lemma 3.2(2),
it follows that z; = 25 or z; = z3, which is a contradict to our handling.

Theorem 3.4. Let W be an M -bi-base of S if and only if W satisfies the following holds.

(1) For any s € S,
(1.1) there exists zo € W such that s <., 22 (o7),
(1.2) there exists wy, ws € W such that s <, wy X & X wy (or),
(1.8) there exists ws,wy € W such that s <,,p w3z X & X (81 X & X 89 X +++ X &, X
Sp) X VX Wy,

(2) If 21 # 25 and z; # z3, then z1 Lyp 22 X € X 23, for any 2y, 22,23 € W,

(8) If 21 # 29 and z1 # z3, then 21 Loyp 22 X E X (851 X &1 X Sg X -+ X &, X 8p) X UV X 23,
for any z1,20,23 € W, s, €S and &,§,vel’,i=1,2,...,n.

Proof: Assuming that W is an M-bi-base of S, then S = (W),,,. To prove (1), let
SES, sEWUWXDIXWUWXI X (SXxI'x -+ xI'xS) xI'x W]. We have s < w
for some w E WUWXT XxWUWXT x (SXxI'x - xI'xS)xIT'xW, and we think
about the following three cases.

Case-1: Let w € W. Then w = 2, for some z, € W. This implies (w);p C (29)mp-
Hence, w <,,; z2. Since s < w for some w € (23)mp, to find out (s),p C (22)mp, NOW,
SUN(s XTI xs)XxI'x (SXxIx -+ xI'xS) XTI xs5C (22)mp UN({(22)mp X I' X (22)mp)
U(22)mp X I X (SX T X -« X T'XS) X I' X (29)mp € 20 UN (29 X E X 29) Uz X EX(SXT X
oo X I'x S) XTI xz9. Wehave (sUN(sxI'x s) XxI'x (SxT'x -+ xT'xS)xI'xs]C
(22 UN(22 X E X 29) Uz X EX (SXT x-- xI'xS) xI' x 25]. Thus, (s)mp C (22)mp and
hence s <,,,; 2.

Case-2: Let w € W xT' x W. Then w = w; X £ X wy for some wi,wy € W and
¢ € I'. This implies (W) C (wy; X & X wa)mp. Hence, w <, w; X £ X wy. Since
s < w for some w € (wy X & X Wa)mp, we have s € (wy X & X W) . We determine that
($)mp C (w1 X & X Wa)mp. Now, SUN(s X I'x s) x I'x (SXxT'x---xI'xS)xI'xsC
(w1 X & X WYy U N({(wy X & X wa)mp X T' X (w1 X & X wa)ymp) U (wy X & X wa)mp X ' X
(SXxTx---xT'xS) xI'x (w; X&Xwahmp € ({wy X EXwa} UN{wy X & X wy} xT' %
{wy x EXxwa ) U{wy X E X wa} xT'x (SXxTx -+ xI'xS) xI'x {w; x&xws}]. Hence,
(SUN(sxI'xs)xI'x(SxI'x---xI'xS)xI'xs] C({w x&xw}UN({w x&x
wo} X I'x {wy x EXxwa})Ufwy x EXwa} x X (SXTx - xI'xS) xI'x {w; x & xwa}.
This implies (8);p C (w1 X & X Wa)mp. Hence, s <,p wy X € X w.

Case-3: Let w € WXI'X (SXIT'x -+ xI'xS)xI'x W. Then w = w3 X & X (81 X & X 3 X
s X &y X 8p) X v X wy for some ws, wy € W. This implies (w),,p C (w3 X & X (81 X &1 X 9 X
s X &y X Sp) XU X Wy )mp. Hence, w <ppp (w3 X € X (81X & X Sa X -+ X &y X 8p) X VX Wa) -

Since s < w for some w € (ws X £ X (51 X & X S9 X -+ X &, X Sp) X V X Wy)mp, We
have s € (w3 X & X (51 X & X Sg X +++ X & X ) X V X Wy)mp. Lo prove that (s),, C
(wg X € X (81 X & X 89X o+ X & X ) XV X Wa)mp. Now, sUN(s x ' x s) x ' x

(SXTx - XxT'xS)xT'xsC(wgxE&X(51XE XS X+ XE X Sy) XV X Wy)mp U
N({(ws xEX (51X & X 89X -+ X &y X Sp) XU XWa)ymp X T X (w5 X EX (87X & X 89X+ X
En X Sp) XV X Wy Ymp) U {w3 X EX (81 XE X S X+ X & X 8p) XUX Wy )ypy XX (SXT X -+ - X'
S) XTI X (w3 X EX (51X E X SgX +++ X &y X 8p) XU XWy)mp C ({ws X EX (51 XE X 59 %+ - %X, X
Sp) XU Xwa PUN ({ws xEX (51X E X S X -+ X Ep X ) XU X Wy} X T X {wg X EX (51X & X 59X
s X &y X Sp) XU X wg ) U{ws X E X (51X & X Sg X X & X Sp) X v Xwgp x T x (S
XTI x oo xIT'xS) xI'x {wg x & x (51 X& X S2X-+-XE&, X8,) XV X wy}]. Hence,
(SUN(sxI'xs)xI'x (SxT'x---xI'xS)xI'xs] C({wsx&x(s1xE& xs9x---X
En X Sp) XU X Wy UN{ws X EX (51 XE X Sg X+ XE X 8p) XvXwg}x D x{wsxEx
(51X & X Sg X o+ X & X 8p) XU Xwy})U{ws X & X (81X E X 89X+ XE X8,) XV X
Wi XTX (SXT X+ XxTXS) XT' X {ws XE&X (81 X& XS X - XE& XS,) XV Xwy}]
This implies (s}, C (w3 X & X (81 X & X 89 X +++ X & X 8,) X V X wy)mp. Hence,
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S <pp W3 X & X (81 X & X 89 X -+ X &, X 8,) X v X wy. By Lemma 3.3(1) and Lemma
3.3(2), prove (2) and (3), respectively.

Conversely, assume that (1), (2) and (3) hold. To prove that W is an M-bi-base of S.
Determine that S = (W),,,;. Clearly, (W), CS. By (1), S C (W), and S = (W),,,5. It
remains to find out W is a minimal subset of S, S = (W),,,;. Suppose that S = (V),,;, for
some V C W. Since, V C W, there exists zo0 € W\ V. Since zp € W C S = (V),,, and
2o € V, it follows that 20 € (VX T x VUV XTI x (SxI'x---xI'xS)x I xV]. Since
20 € (VXTI x VUV XTI X (SXxI'x---xI'xS)xI xV] it implies zo < w for some
wWEVXIXVUVXT X (SXxI'x- - xI'xS)xI'xV. There are two cases to observe.
Case-1: Let w € VX I'x V. Then w = wy; X £ X wy for some wy,wy € V and £ € T'.
We have wy,ws € W. Since zo € V, 25 £ wy and 25 # wy. Since w = wy; X £ X ws,
(W)mp C (w1 X & X Wa)pp. Hence, w <, wy X & X wy. Since zy < w for some w €
(w1 X & X Wa)mp, we have zo € (wy X & X wa)mp. To prove that (23)mp C (wy X & X wa)mp.
Now, 20 U N(23 X € X 29) Uzg X E X (SXT x - xT'xS) XxI'x 29 C (wy XE& X
Wo)mpy U N ((wy X & X Wo)ymp X [' X (w1 X & X wa)mp) U (wy X € X wa)pp X I' X (S x T X
o x ' S) X T x (wy X € X wa)mp € ({wy X € X wa} UN{wy X & X wa} x I' x {w; X
EXwal)U{wy X € Xwep X' X (SXxT x -+ xI'xS)xI'x {w x&x wy}|. Hence,
(22UN (22X EX 29)Uza X EX (ST x -+ XI'xS) xI'x 2] C ({wy x&xwe} UN ({wy x & X
wo} X I'x {wy x EXxwa})U{wy x EXwa} x X (SXTx--- xI'xS) xI'x {w; x & xws}.
This implies (29)mp C (w1 X & X Wa)mp. Hence, zo <,p w1 X & X wy. This contradicts (2).
Case-2: Let w e VXTI X (SXxT x -+ XxI'xS)xT xV. Then w = ws x & X (51 X
€1 X Sg X -+ X & X 8,) X v X wy for some wy,wy € V, s; € Sand §,{,v e, i=
1,2,...,n. We have ws,wy € W. Since 2o € V, 2z # w3 and 2o # wy. Since w =
w3 X & X (81 X & X 89X -+ X & X 8p) XV X Wy, (Whnp C (w3 X E X (87X & X §g X+ -+ X
En X Sp) X VX Wy)mp. Hence, w <pp wg X & X (81 X § X 89 X -+ X &y X 8p) X V X wy.
Since zo < w for some w € (w3 X £ X (81 X & X Sg X +++ X &, X Sp) X V X Wy)mp, We
have z3 € (w3 X & X (51 X & X Sg X «++ X &, X Sp) X V X Wy)mp. We determine that
(zo)mp C (w3 X € X (81 X & X Sg X -+ X & X 8p) X UV X Wy)mp. Now, 29 U N (29 X € X 23)
Uzg XEX(SXT X+ XxT'XS) XT'X 29 C (wg X & X (851 XE& X Sa X+ XE X Sp) XV XWy)mp
UN((wg X € X (81 X & X 89 X = ++ X &y X 8p) X V X Wy)mp X [' X (w3 X & X (81 X & X 83 X

e X & X Sp) X U X Wy)mp) U (wg X & X (81 X & X 89 X =+ X & X 8p) X VX Wa)mp X
DX (SXTx - XxT'xS) XTI x (wsx&X(s1XE XX+ XE X8) XV X Wy)mp C
({ws x & x (51 X & X 89 X -+ X & X sp) X v x wyy UN{Hwg X x (51 X & X 59 %

X &y X Sp) XU X wyp XD x {wg X & X (51X & XsgX oo XEXS,) XV Xws))U

{wg X EX (51X & XS X+ - XE XS ) XUX Wy XTX(SXT X+« xT'xS) xI'x {wg x & x (1%
E1 X Sg X+ X &y X Sp) XV xXwy}|. Hence, (20 UN (29 XE X 29)Uzg XEX (SXT' X+ - x['xS) xT'
X29] C ({ws X EX (51X & X SaX -+ X & X 8p) XvXwyUN({wsg X & X (51 XE& X §gX -+ X
En X Sp) XU X Wyt X T x{ws X EX (81X E XSy X -+ X & X 8,) XvXwy})U{ws x & X (s1 X
E1X 8o X+ XEXSp) XUXWyp XTX(SXT X+ XT'XS) X T x {wg XEX (81 XE X8 XX
&n X Sp) X v X wy}]. This implies (29)mp C (wg X € X (81X &1 X 89 X+ -+ X &y X $p) X VX W) mp-
Hence, 25 <;p w3 X € X (81 X & X 89 X +++ X &, X 8,) X v X wy, which is a contradiction
to (3). Therefore, W is an M-bi-base of S.

Theorem 3.5. Let W be an M-bi-base of S. Then W is an ordered I'-subsemigroup of S
if and only if wy X & X we = wy or wy X & X we = ws, for any wy,ws € W and £ € T'.

Proof: If W is an ordered I'-subsemigroup of S, then w; x £ x wy € W. Since w; X £ X
wy € (N(wy X T'X we) Uwy X T X (SXx T x--- xT xS)x T X ws, it follows by Lemma
3.3 that wy X & X we = wy or wy X €& X wy = ws.

4. Conclusion. We have introduced the M-bi-base of an ordered I'-semigroup and dis-
cussed some characterizations of the M-bi-base. We have discussed some of their basic
properties and characterized some of their properties using M-bi-ideal and its generator.
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It was also presented the M-base of an ordered I'-semigroup generated by an element and
a subset. In the future, we will characterize some more classes of the I'-semigroup and
ordered I'-semigroup based on M-left-base, and M-right-base, respectively. Moreover,
some other classes of the various tri-bases and various tri-M-bases will be studied. Their
study with regard to the ordered I'-hyper semigroup based on bi-base and M-bi-base will
be explored.
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