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ABSTRACT. Various ordered almost ideals (ordered A-ideals), including ordered quasi
A-ideals, ordered bi quasi A-ideals, ordered tri A-ideals, and ordered tri quasi A-ideals
in ordered semirings, are introduced in the current communication along with certain
characterizations. We create the implications such as ordered ideals = ordered quasi
ideals = ordered bi quasi ideals = ordered tri quast ideals = ordered tri quasi
A-ideals = ordered bi quasi A-ideals = ordered bi A-ideals —> ordered quasi
A-ideals = ordered A-ideals and reverse implications do not hold with examples. We
show that the union of ordered A-ideals (bi A-ideals, quasi A-ideals, bi quasi A-ideals)
is an ordered A-ideal (bi A-ideal, quasi A-ideal, bi quasi A-ideal) in ordered semirings.
Keywords: Ordered A-ideals, Ordered bi A-ideals, Ordered quasi .A-ideals, Ordered tri
A-ideals

1. Introduction. The concept of semirings was first proposed as a generalization of rings
[1]. The concept of a quasi-ideal in semigroups and rings was introduced by Steinfeld
[2]. The semirings were described by Shabir et al. using the characteristics of quasi-ideals
[3]. Several authors have described the quasi-ideals of various kinds of semirings [4, 5].
A concept of bi-ideals in semigroups was first proposed by Lajos [6]. The concept of
ordered bi-ideals is a generalization of ordered left ideals and ordered right ideals [7, 8.
Many mathematicians used various ideals to demonstrate significant findings and algebraic
structural characterizations. The concept of tri-ideals is a generalization of quasi-ideals,
bi-ideals, and ideals of semirings [9]. In 2011, Gan and Jiang [10] presented the idea of an
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ordered semiring, which they defined as a semiring with a partially ordered relation on
semirings that is compatible with the semiring operations. An ordered semiring S is to be
regular in 2014 by Mandal [11] if for any a € S, there exists € S such that a < axa. A
relation “<” that satisfies the requirements of reflexivity, antisymmetry, and transitivity
is referred to as a partial order. An ordered semiring is created on a semiring by building a
generalized ordinary semiring with a partially ordered relation that is compatible with the
operations. Many mathematicians used various ideals to demonstrate significant findings
and algebraic structural characterizations. The concept of the semigroup A-ideal was first
developed by Grosek and Satko [12]. In 2021, Palanikumar and Arulmozhi [13, 14, 15]
discussed several ideals based on semirings. Recently, Palanikumar and Arulmozhi [16, 17]
interacted various ideals using semigroups. In 2022, Palanikumar et al. discussed many
applications [18, 19]. We provide certain properties of various ordered .4-ideals in ordered
semirings in this work, to explore a number of significant A-ideal results for ordered
semirings and characterize them using quasi A-ideals and bi A-ideals. The following five
sections make up the organization of the paper. An introduction is presented in Section 1.
An overview of the ordered semirings data is provided in Section 2. The ordered A-ideal
was presented in Section 3 with examples. Section 4 provides an ordered tri A-ideal with
examples. The conclusion for various A-ideals is provided in Section 5. In this article, we
have three goals in mind.

1) To investigate the connection between ordered bi A-ideals and ordered quasi A-
ideals.

2) To describe ordered tri A-ideals.
3) To describe ordered bi quasi ideals and ordered tri quasi ideals.

2. Background.

Definition 2.1. [7, 8] A semiring is an algebraic structure (S,+,-) such that (S,+) and
(S,-) are semigroups which are connected by the distributive laws. An ordered semiring
is a system (S,+, -, <) such that (S,+,") is a semiring, (S, <) is a partially ordered set,
and for any a,b,x € S the following conditions are satisfied.

(i) If a < b, thena+x <b+x and xr +a < x +b.

(ii) If a < b, then ax < bx and xa < zb.

An ordered semiring S is called additively commutative if a +b =0+ a, for all a,b € S.

Definition 2.2. [8] Suppose that I is a nonempty subset of an ordered semiring (S, +, -,
<). Then I is called an ordered right (left) ideal of S, if (I,+) is a subsemigroup of (S,+),
(a) I is a right (left) ideal of S.

(b) If © <@ for somei € I, thenx €I (i.e., I =(I]).

I is called an ordered ideal if I is an ordered right ideal and ordered left ideal of S.

Definition 2.3. [8] Suppose that Q) is a nonempty subset of an ordered semiring (S, +, -,
<). Then @ is called an ordered quasi ideal of S, if (Q,+) is a subsemigroup of (S,+)
and

(a) Q_QS]N(X-SQI < Q.

(b) If x < q for some q € Q, then x € Q (i.e., Q = (Q]).

Definition 2.4. [8] Suppose that B is a nonempty subset of an ordered semiring (S, +, -,
<). Then B is called an ordered bi ideal of S, if (B,+) is a subsemigroup of (S,4+) and
(a) BSB C B.

(b) If x < b for some b € B, then x € B (i.e., B = (B]).

Remark 2.1. [7] For any nonempty subsets A, B of an ordered semiring S, we denote
(Z) ZA = {Z?:l a; € S|CLZ S A,n € N},

(ZZ) ZAB = {Z?:l a;b; € S|(lZ € A,bZ € Bne N},

(i17) (A] = {z € S|z < a for some a € A}.
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Remark 2.2. [7] For any nonempty subsets A, B of an ordered semiring S, then
(i) AC> Aand Y (D A) => A.

(1)) AC B and Y  AC > B.

(1it) A(>_B) € (32 A)(XB) S AB and (35 A)B S (3 A)(22B) € X AB.

(w) Y2(A] € (X2 Al
(v) A C (A] and ((A]] = (A].
(vi) If A C B, then (A] C (B].
(vit) A(B] C (AI(B) C (AB] and (AB C (A](B] C (AB].

Definition 2.5. [15] Suppose that I, B and Q) are nonempty subsets of a semiring (S, +,-).
Then

(i) I is called a right (left) A-ideal of S if ISNT # 0 (SINI#0).

(i) I is called an A-ideal of S if I is a right A-ideal and left A-ideal of S.

(111) A subsemiring B of S is called a bi A-ideal if BSB N B # ().

(iv) A subsemiring Q of S is called a quasi A-ideal if [QS N SQ] N Q # 0.

(v) A subsemiring Q is called a right (left) bi quasi A-ideal of S if [QS NQSQINQ # ()
(5Q N QSQINQ £ )

(vi) @ is called a bi quasi A-ideal of S if Q is a left bi quasi A-ideal and right bi quasi
A-ideal of S.

Definition 2.6. [15] Suppose that I and Q) are nonempty subsets of a semiring (S, +, ).
Then

(i) I is called a right (left) tri A-ideal of S if I*SINIT#0 (ISI*N1 #0).

(i) I is called a tri A-ideal of S if I is a right tri A-ideal and left tri A-ideal of S.

(11i) Q is called a right (left) tri quasi A-ideal of S if Q is a subsemiring of S and
[QSNEQ2SQINQ #0 ([SQNQSQ* NQ #0).

(v) Q is called a tri quasi A-ideal of S if Q is a right tri quasi A-ideal and left tri quasi
A-ideal of S.

3. Ordered A-Ideals. Here S stands for additively commutative ordered semiring and
Z denotes non negative real numbers unless otherwise stated.

Definition 3.1. Suppose that I is a nonempty subset of an ordered semiring (S,+, -, <).
Then I is called an ordered right (left) A-ideal of S, if (I,+) is a subsemigroup of (S, +),
(a) I is a right (left) A-ideal of S.

(b) If v < i for some i € I, then x € I (i.e., I = (I]). Hence, I is called an ordered
A-ideal if I is an ordered right A-ideal and ordered left A-ideal of S.

Lemma 3.1. Let I be a nonempty subset of S. Then
(i) (3 IS] is an ordered right A-ideal of S.

(i1) (> SI] is an ordered left A-ideal of S.

(i1i) (> SIS] is an ordered A-ideal of S.

Proof: Let z,y € (> IS]. Then, x < 2/, y < ¢/ for some ',y € Y IS. Clearly,
r+y<az'+y and 2’ +y € > IS implies that z +y € (> IS]. Now, D IS|SN (> IS]
COISSINOSIS| C OSISIN (D IS] # 0. Also, (D0 IS]] = (O IS]. Hence, (> IS]

is an ordered right A-ideal of S. It is similar to prove (ii) and (iii).

Definition 3.2. Suppose that B and Q are nonempty subsets of S. Then

(1) B is called an ordered bi A-ideal if (B,+) is a subsemigroup of (S,+), BSBNB # )
and B = (B]. It is equivalent to (3> BSB] N B # ().

(2) Q is called an ordered quasi A-ideal if (Q,+) is a subsemigroup of (S,+), [(D_ QS| N
(2SQINQ #0 and Q = (.

Definition 3.3. Suppose that Q) is a nonempty subset of S. Then
(1) Q is called an ordered right (left) bi quasi ideal of S if (Q,+) is a subsemigroup of
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(8,4), 22QSIN(-RQSQI € Q (X-8QIN (X QSQ] € Q) and Q = (Q].
(2) Q is called an ordered bi quasi ideal of S if Q) is an ordered right bi quasi ideal and
ordered left bi quasi ideal of S.

Definition 3.4. Suppose that () is a nonempty subset of S. Then

(1) Q s called an ordered right (left) bi quasi A-ideal of S if (Q,+) is a subsemigroup of
(S.4), (2 QSN (X SQINQ 20 (%51 N (X QSQ) N Q # 0) and Q = (Q).

(2) Q is called an ordered bi quasi A-ideal of S if Q is an ordered left bi quasi A-ideal
and ordered right bi quasi A-ideal of S.

Theorem 3.1. FEvery ordered ideal (bi ideal, quasi ideal) is an ordered A-ideal (bi A-ideal,
quast A-ideal).

Proof: Suppose that I is an ordered ideal of S. Now, (D IS]NI C INI # () and
(>-SIINI CINI#D. Hence, I is an ordered A-ideal of S.
Converse of Theorem 3.1 may not be true by the following counter example.

Example 3.1. Consider the semiring Sy = {s1, Sq, S3, S4, S5, S¢} with the following com-
positions:

+ |51 S2 S3 S4 S5 Sg - |81 Sy 83 S4 S5 Sg
S1 |81 S2 S3 S4 S5 Se S1 181 S1 S1 S1 S1 81
S2 | S22 S22 83 S4 S5 S¢ S2 | S1 S22 S3 S S3 S3
S3 |83 S3 83 S¢ S5 S¢ S3|S1 S22 S3 S S3 S3
S4|S4 S4 Se¢ S4 S5 Se S4 |81 S4 S5 S4 S5 Sp
S5 |85 S5 S5 S5 S5 S5 S5 151 S4 S5 S4 S5 Sp
S6 | S6 S6 S6 S¢ S5 S¢ S6 | S1 S4 S5 S4 S5 Sp

Define a binary relation < on Sy by <:= {(z,x)|z € S;1}. Then (81, +, -, <) is an additively
commutative ordered semiring. (1) Let I = {s1,s2}, I+1 C I and I = (I]. Clearly, I is an
ordered A-ideal of Sy but I is not an ordered ideal of Sy by (D> 1S1] = {s1,52,83} € I and
(-S| = {s1,892,84} £ 1. (ii) Let Q = {s2,53}, Q+Q C Q and Q = (Q)]. Clearly, Q is an
ordered quasi A-ideal of Sy by [(> QS1]N (D S1Q]INQ = [{s1, 52, 53} NS1]N {82, 53} = Q #
(. However, Q is not an ordered quasi ideal of S by (> QS| N (O S1Q] = {s1, 52,53}
Q. (iii) Let B = {s4,85}, B+ B C B and B = (B]. Clearly, B is an ordered bi A-ideal
of S1 by (O BS1B] N B = {s1,584,85} N{s4,85} = B # (. However, B is not an ordered
bi ideal of S; by (> BS1B] = {s1,54,85} € B.

0ai a2z a3 a4 as
0 0 ag a7y ag ag
Example 3.2. Let S; = 00 0 oana g e R be an ordered semiring under
00 0 0 as
00 0 0 0
the ordinary multiplication of real numbers with partial ordered relation <. Now, we define
partial order relation < on Sy, for any A,B € Sy, A <g, B if and only if a;; <n bij,
for all © and j. Then it is easy to verify that Sy is an ordered semiring under usual

multiplication of matrices over real numbers X% with partial order relation <. Clearly,

[e=ReNen)

)

B = b € Z p is an ordered bi A-ideal of Sy, but B is not an ordered

cocococoo
cocococoST
cococococo
cocoSoco
cocococoo
oFoococo

bi ideal of Sy by (> BS:B| = careZx ) < B.

coococoo
coococoo
coococoo
cocococol
coococoo
cocofS oo

Theorem 3.2. Every ordered quasi ideal (bi ideal) is an ordered bi quasi ideal.

Proof: Suppose that @ is an ordered quasi ideal of S. Now, (>-QS] N (3. QSQ] C

QSN (2S88Q € QSN (228Q] € Q and (3.8QI N (22QSQ] € (@SN
(>-SQ] C Q. Hence, @ is an ordered bi quasi ideal of S.
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Converse of Theorem 3.2 may not be true by the following example.

000001
000001
Example 3.3. In Ezample 3.2, Sy is not reqular by a = 88888% € S, there is no
000001
000000
00x1 0 0 x2
00 x3 0 x4 x5
_ 00000 z _
x € Sy such that a < axa. Let Q = 000002 |2 eEX Now, (>°QS8s] =
00000 zg
00000 0
000 y1 y2 ys3 0021 022 23
000 ys4 ys5 ys , 8888824
S I zZ /s
0000 008 J|ureZy, L&A= 000002 ||z €Z . Thus, (355QIN
0000 0 0 00000 0
0000 0 0 00000 0

> QS uf €2 CQ, (208N (3 QS8:Q] =

coococoo
coococoo
coococoo
coococoo
coococoo
cooof &
coococoo
coococoo
coococoo
coococoo
coococoo
cococos S

Q] =
(VANS ,%’} C Q. Hence, Q) is an ordered bi quasi ideal but () is not an ordered quasi ideal

w

=

00
of S by (X Q8N (X 8:Q) = §§ W e RS 2 Q.
00

OODO§§

0
00
00
00
00
00

S OO0 OO

) A-ideal is an ordered quasi A-ideal.

Proof: Suppose that @ is an ordered bi quasi A-ideal of S. Now, 0§ # [(>.QS] N
(QSQINQ C (3 QSINQ and 0 # [R_QS]N(Q_QSAINQ S 3-QSQINEQ C
(28SQINQ € (28QINQ. Thus, § # [32 QSN (- QSQIINQ S [(X-QSIN (G SQ]
N Q. Hence, () is an ordered quasi A-ideal of S.

Converse of Corollary 3.1 is not true by the following example.

Corollary 3.1. Every ordered bi quas

0ry rers
Example 3.4. The ordered semiring Sz = {(8 o :g)
00 0r

ri¥ e 9?} is not reqular. Let QQ =

00z 0
{(§§ § )| 2 e %’} be an ordered quasi A-ideal of Sz but Q is not an ordered bi quasi
xr3
A-ideal of S3 by [( Yoy Zq] (2?21 qTi"QH Ng =10 and [(2?21 qrﬂﬂ (Z _— q
0010 0001
= () with the (n — 1) q terms as zero, where g = [ 993 ) € Q and r] = (888%) €S
0001 0001

and r;" = ( ) € Ss.

Theorem 3.3. Every ordered bi A-ideal is an ordered quasi A-ideal.

Proof: Suppose that B is an ordered bi A-ideal of S. Now, () # (> BSB]N B C
(X BS]NBand 0 # (Y. BSB|NB C (Y. SB]NB. Thus, § # (3. BSB|NB C [(3>. BS|N
(>3- SBJ]] N B. Hence, B is an ordered quasi A-ideal of S.

Converse of Theorem 3.3 may not be true by the following counter example.

=

1
1
0
0

[eleslenlen)
OO

000 z
Example 3.5. Let B = {(8 0 ;503)
00 0 x4

000z

) yiF e ,%’} and (3 BSs3] = {(8 00 = ) 25 € ,%’} Hence, [(>_ BS;]N (> S3B]]
000 23

. Thus, B is an ordered quasi A-ideal of S3 but B is not an ordered bi A-ideal of

0000
Ss by (31, brib] Nb =0 with the (n — 1) b terms as zero, where b = (8 08 (1)> € B and
0001

f_ (0011
T = 0001 Gé%.
0000

P e 9?} C S; in Example 3.4. Now, (> S3B| =
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Theorem 3.4. Every ordered quasi A-ideal is an ordered A-ideal.

Proof: Suppose that ) is an ordered quasi A-ideal of S, then [(>_ QS|N(>_SQ]NQ #
ne C

0. Now, 0 # [(3QS]N(_SQNQ S (X-QS]NQ and O # [(3-QS] N (32 SQ]
(>-8Q] N Q. Hence, Q is an ordered A-ideal of S.
Converse of Theorem 3.4 is not true by the following example.

0ry rors
Example 3.6. The ordered semiring Sy = {(0 0 g “5)

00 0 7rg
o=l

e 9?} is not reqular. Let
0000

q’ € %} be an ordered A-ideal but Q) is not an ordered quasi A-ideal of

0010
Sy by [(X gl N (X ri"q]] Ng = 0 with some (n—1)¢}* as zero, where g = (8886) €Q,
0000
0110 0111
rg:(ggg)% €S4and7“i”:(88[1)%>€84.
0000 0000

Theorem 3.5. Every ordered bi quasi ideal is an ordered bi quasi A-ideal.

Proof: Suppose that ) is an ordered bi quasi ideal of S, then [(>- QS]N (> QSQ]] C
a

and [(3_SQI N (X QSQ] € Q. Now, [32QS]N(ZRSQINQ € QNQ # 0
(D-8SQIN(O-QSQINQ CQNQ # (. Hence, @ is an ordered bi quasi A-ideal of S.

Converse of Theorem 3.5 is not true by the example.

2O

00 re r3
Example 3.7. Consider the ordered semiring S5 = {(8 o ’"5)
00

RNl eptuny
m
N
3
<
\.CID
]
>
k)
D
]
O
>
O
D)
Il

0

8”&)‘@25 6%} # 0.
0 vg

quasi ideal of S5 by
(- QSs

Theorem 3.6. If Q) is an ordered A-ideal (bi A-ideal, quasi A-ideal, bi quasi A-ideal)
of S and Q C Q' C S, then Q' is an ordered A-ideal (bi A-ideal, quasi A-ideal, bi quasi
A-ideal) of S.

Proof: Suppose that ) is an ordered bi quasi A ideal of & with Q C @ C S.
Then 0 # [(3QS]IN (3 QSQNEQ C [(XQSINRQSQNNQ and § # [(3-SQIN

oSO N Q C[O-SQTN(D-Q'SQ] NE'. Therefore, Q' is an ordered bi quasi A
ideal of S.

Corollary 3.2. The union of ordered A-ideals (bi A-ideals, quasi A-ideals, bi quasi A-
ideals) of S is an ordered A-ideal (bi A-ideal, quasi A-ideal, bi quasi A-ideal) of S.

Proof: Let I; and I; be any two ordered A-ideals of S. Then I; C I; U I, by Theorem
3.6, I U I, is an ordered A-ideal of S.

D

L

e

L

I

—N—
7 N
co oo
co oo
cooco &»

4. Ordered Tri A-Ideals.

Definition 4.1. Suppose that I is a nonempty subset of S. Then I is called an ordered
right (left) tri A-ideal of S, if (I,+) is a subsemigroup of (S,+) and

(a) I is a right (left) tri A-ideal of S.

(b) If x <i for somei € I, thenx € I (i.e., I = (I]).
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I is called an ordered tri A-ideal if I is an ordered right tri A-ideal and ordered left tri
A-ideal of S.

Lemma 4.1. Let I be a nonempty subset of S. Then
(i) (3 I2SI] is an ordered right tri A-ideal of S.
(it) (3 ISI?] is an ordered left tri A-ideal of S.

Proof: Let z,y € (Y I?°SI|. Then, z < ', y < ¢ for some o',y € Y I*SI.
Clearly, z +y < 2’ + ¢ and 2/ +y' € Y I°SI implies that z +y € (Y I*SI]. Now,

(S r2sN)’S(S ST 0 (S ESI S (L PSIPSISIPSI) 0 (S 1PSI S (L 18T
N (X I2SI] # 0. Also, (X I°SI]] = (> I?SI]. Hence, (Y I2SI] is an ordered right

tri A-ideal of S. It is similar to prove (ii).

Definition 4.2. Suppose that Q) is a nonempty subset of S. Then

(i) Q is called an ordered right (left) tri quasi ideal of S if (Q,+) is a subsemigroup of
(8, +4) and (ZQS)N (3 Q*SQ] € Q (ZSQIN (X QSQ*] Q).

(1) @Q is called an ordered tri quasi ideal of S if QQ is an ordered right tri quasi ideal and
ordered left tri quasi ideal of S.

Definition 4.3. Suppose that () is a nonempty subset of S. Then

(i) Q is called an ordered right (left) tri quasi A-ideal of S if (Q,+) is a subsemigroup of
(8.+) and [(LQS]N (X @°8Q]] nQ #0 ((T5Q)n (X @°SQ)] nQ #0).

(i) Q is called an ordered tri quasi A-ideal of S if Q is an ordered right tri quasi A-ideal
and ordered left tri quasi A-ideal of S.

Theorem 4.1. Every ordered tri A-ideal is an ordered A-ideal (ordered bi A-ideal).

Proof: Suppose that [ is an ordered tri A-ideal of S, then (I, +) is a subsemigroup
of (8,+) and (X I*SI] NI # 0 and (X ISI?] NI # 0. Now, 0 # (Y I*SI] NI C
(3 ISSSINI C (X IS|NT and 0 # (Y ISI*|NI C (3 SSSIINI C (3°SIJNI. Hence,
I is an ordered A-ideal of S.

Converse of Theorem 4.1 may not be true by the example.

0ry rors
Example 4.1. Let §; = {(8 X :Z)
0.0 0 0

s EeR } be an ordered semiring and not reqular.

0000
Let I = {(8 0w o i e %} Clearly, I is an ordered A-ideal of Sy but I is not an
000 0
ordered tri A-ideal of S by (ZZ 1:7617“1@] Nz =0 and (ZZ | T } Nz = @ with the
(n — 1) terms of x’* and r'* as zero. This implies that x*riz Nx = 0 and xriz?> Nz = 0,
0000 0111
where x = (886?) €l andr = (885%) €S.
0000 0000
Oryro r3 74 75
00 rg r7 rg 79
Example 4.2. Let S, = 00 0z e € Z 5 be an ordered semiring and not
000 0 0 ris
000 0 0 0
0610000
000000
reqular. Clearly, B = 000800 |\bfe Ry is an ordered bi A-ideal but B is not
00000 b
0 0 0000
an ordered tri A-ideal of Sy by ( bir bz] Nb=10 and (Zb i J Nb =0 with (n—1)
terms of b and r'* as zero. This implies that brb> Nb = O and b*rbNb = 0, where
010000 01111
000000 001111
b= (888688) € B and 1 = (8886%%) s
000001 000001
000000 000000
Theorem 4.2. Every ordered tri A-ideal is an ordered quasi A-ideal.
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Proof: Suppose that @ is an ordered tri A-ideal of S. Now, § # (> Q*SQ] NQ C
(>-QSSQINQ C (XQSINQand § # (3 Q°SQINQ C (3-QSQINQ € (>-8QINQ.
Honce, 0 # (32 Q*SQ] NQ C (X Q8] N (S 8Q)) N Q- Smilarly, 0 # (3 Q50?| nQ
(O-QSI N (O-SQ) N Q. Hence, Q is an ordered quasi A-ideal of S.

Converse of Theorem 4.2 may not be true in the given example.

0
0 g2 0
0 0 g3 's ; -
00 )lg’€Zp is an or
000
000

dered quasi A-ideal but Q is not an ordered tri A-ideal of Sy by (3 ¢iriqi] Ng =0 and
(Z qmqﬂ Ng =0 with (n — 1) terms of ¢* and v'* are zero. This implies that ¢*rq N q

0

Example 4.3. Consider Sy in Example 4.2, Q) = {(

0001

) 0000

=0 and qr¢*Ng=10, whereq=| 35979
0000

0000

S~ OO0OoO0oORrO
[eleleldele)
\—/

m

=]

3

S

<
P
[ev]elelelel]
[elelelelel
OOOOHH
OO0
OO =
O
\—/

m

N

~.

s an ordered bi quasi A-ideal.

Proof: Suppose that () is an ordered right tri A-ideal of S, then (Z QQSQ] nQ # 0.
Now, 0 # (2 Q*8Q] N1Q C (X QSINQ and 0 £ (£ Q28Q] NQ C (X QSQNQ. This
implies that 0 # (> Q*SQ] NQ C [(XQS] N (3 QSQ] N Q. Thus, Q is an ordered
right bi quasi A-ideal of §. Suppose that @) is an ordered left tri A-ideal of S, then @) is
an ordered left bi quasi A-ideal of S. Hence, () is an ordered bi quasi A-ideal of S.

Converse of Corollary 4.1 may not be true in the given example.

Example 4.4. Let S3 = {( - ,,03 8 8)

T4 T5 T6 TT
0

0 0000
reqular. Let () = {(qol 8)' 69?}- Now, (3 83Q] = {(8 888)
0 q c 0 c3

Corollary 4.1. Every ordered tri A-idea

ri¥ e %’} be an ordered semiring and Ss is not

e 9?} and

w
[y
Q

2
0

OO»-Q ocoo

\—/OOOO

0 0 O
cosi = {115 1)]erea} wmicosa - {(§ 888) cr e Thus
dy da d3 dy e1 e2 0 e3

[QS; N RS;QINQ # 0 and [S3Q N QS;Q] N Q # (. Hence, Q is an ordered bi quasi
A-ideal of S3. However, Q is not an ordered tri A-ideal of Ss by (Y1, ¢?rigi] Ng =10
and (Z?:l qz-'r’l-qﬂ Nq = 0 with the (n — 1) terms of ¢° and r* as zero. This implies that

0000 0000
PrqnNqg=0 and qrg> Nq =0, where ¢ = (?888) €EQ andr = (%?88) € Ss.

0101 1111
Theorem 4.3. Every ordered bi quasi ideal is an ordered tri quasi ideal.

Proof: Suppose that @ is an ordered bi quasi ideal of S, then (> QS|N (D> QSQ] C @
and (1 8Q] N (X QSQ] € Q. Now, (Z8QI N (X QSQ] € (X8QIN (X QSSQ] C

(X SQIN (X QSQI € Q and (X QSN (3 Q*SQ] € (X QSIN (X QSSQ] € (308N
(>-QSQ] C Q. Hence, @ is an ordered tri quasi ideal of S.
Converse of Theorem 4.3 may not be true by the following example.

af € 9?} Now, (> S3Q)]

i @}, (>-QSsQ] = {( )’

0000
Example 4.5. Consider Sy in Example 4.4, Q =3 290 0 >
00

0 a2

[evlesien)

oo
[e]elelen)

C’SE%)} (X QS :{ %

0

0

0

d1 d2 d3 ds
0
0
0
!

8y
—
8
N

000
e € %’} and (¥Q5,Q?) = (888 )‘f e%}. Thus, (Y8,Q) 0 (£ 08,07 € Q.
000
Hence, Q) is an ordered left tri quasi ideal of S but @) is not a left bi quasi ideal by
0000
ssanesa-{( 1 )|wealea
1 3

Corollary 4.2. FEvery ordered tri quasi A-ideal is an ordered bi quasi A-ideal.
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Proof: Suppose that @ is an ordered tri quasi A-ideal of S, then [(3- QS] N (3 Q*SQ]]
NQ # 0 and [(XSQIN (X QSQNQ # 0. Now, § # [(XZQSIN (3 Q*SQ]| NQ C
(L QSN (X SSQINQ € (X QSN (X QSQINQ and 6 # [(£ Q1N (£ QSQ?]n
QC[O-SQINO-QRSSQINQ C[O_SQOIN (> QSAQ] NQ. Hence, Q is an ordered bi
quasi A-ideal of S.

Converse of Corollary 4.2 is not true by the following example.

Example 4.6. Consider Sz in Example 4.4, Q = {( a81 § (83 § )

a2 a3 0 aq

bi quasi A-ideal of S3 but Q is not an ordered tri quasi A-ideal of S by [(> i, rig;] N

i=1"1

(ZLI qim”qfﬂ Ng =0 and [ qr]n O ¢ri’¢l] Ng = O with (n — 1) terms of ¢,
/s "2 2.1

s as zero. This implies that [F'q N qr"¢*] N g = 0 and [gr' N ¢*r"ql N g = B, where q =

af € X is an ordered

0000 r_ (0000 v_ (99089
1000 | €EQ,r"=1{9900) €ESsandr” = {1500 | € Ss.
1101 1111 0111

Theorem 4.4. If Q) is an ordered tri A-ideal (tri quasi A-ideal) of S and Q@ C Q' C S,
then Q' is an ordered tri A-ideal (tri quasi A-ideal) of S.

Proof: Suppose that () is an ordered tri quasi A-ideal of S with Q C @' C S. Then
0#[(ZQSIN(XRSQ*]]NQ C [(XQSIN(CQSQQNNQ and § # [(3-8QIN

(X@*8Q]INQ C[(XSQTN (X QQSQNQ". Therefore, Q' is an ordered tri quasi
A-ideal of S.

Corollary 4.3. The union of ordered tri A-ideals (tri quasi A-ideals) of S is an ordered
tri A-ideal (tri quasi A-ideal) of S.

Proof: Let ; and Q3 be any two ordered tri A-ideals of S. Then @)1 C )1 U @3, by
Theorem 4.4, Q1 U Q)5 is an ordered tri A-ideal of S.

5. Conclusion. In this article, various ordered almost ideals including ordered quasi .A-
ideals, ordered bi quasi A-ideals, ordered tri A-ideals, and ordered tri quasi A-ideals in
ordered semirings, are introduced. We discussed the implications ordered ideals =—-
ordered quasi ideals = ordered bi quasi ideals = ordered tri quasi ideals =—
ordered tri quasi A-ideals = ordered bi quasi A-ideals = ordered bi A-ideals
— ordered quasi A-ideals = ordered A-ideals. With instances given, the contrary
implications are false. We plan to characterize other classes of ordered hyper semirings
in the future using different hyper A-ideals.
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