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Abstract. Researchers have proposed numerous methods for detecting and testing cor-
relations. In practice, the correlations within a data set may change with a change
in regime. Regime change analysis can thus aid the fitting of different models to diff-
erent regimes of data when conducting an economic interpretation of the data in a
certain regime. This study presents an integrated identification procedure for change
points/period detection. The membership function of each data point corresponding to
cluster centers is calculated as a performance index grouping. Finally, an empirical st-
udy is conducted on change points/period identification for educational investment and
performance.
Keywords: Academic performance, Educational investments, Fuzzy correlation coeffi-
cient, Fuzzy hierarchy of correlation

1. Introduction. Academic performance is not only prized by parents and teachers but
also an indicator of school quality. In the context of the emphasis on fostering a com-
petitive workforce, academic performance and student ability are perceived as important
indicators of social progress. According to the long-term research findings of Program
for International Student Assessment (PISA), which is organized by the Organization for
Economic Cooperation and Development (OECD), the relationship between socioeco-
nomic status and educational achievement is significant, and countries also differ in their
quality of education [1]. Children from low-income and low-educated families face more
learning obstacles due to a relative lack of educational resources [2,3].

Factors affecting student performance have become an issue of concern for scholars
in various fields. Scholars in Taiwan and abroad have differed in their findings on the
determinants of academic performance, including teachers’ politeness [4], intelligence,
family environment [5], participation of parents in their children’s education [6], and family
socioeconomic background in the domains of social capital, cultural capital, and economic
capital [7,8]. However, parents with the same capital may not invest the same level of
resources into their children’s education, indirectly leading to differences in academic
performance [9].
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The degree of parental investment in education in most families is perceived not as a
definite number but as a fuzzy one, which can be modeled as a continuous fuzzy interval.
Human thinking is necessarily fuzzy because of fluctuations in our subjective awareness
of time, status, and the environment [10]. Fuzzy theory is based on fuzzy logic, which
extends the bivalence of classical logic (underpinning most mathematics) and upends the
binaries of right/wrong and true/false. Yang et al. used fuzzy AHP to establish the
hierarchical structural model of driver route choice, and the results were close to the real-
world travelers [11]. In this study, we propose an approach to detecting trends and periods
of change through fuzzy statistics by employing the K-means method. We identified the
disturbance and discovered suitable change periods by controlling the parameters, and
our approach demonstrated good performance in simulations.
The purpose of this study is to explore how differences in parental investment in chil-

dren’s education influence the student’s academic performance. In Section 2, this study
adopts fuzzy theory to develop a methodology to represent the linear relationship between
parental educational investment and student academic performance. Section 3 presents
the findings of this study on the effect of educational investment on academic performance.
Section 4 concludes the work with future directions.

2. Methods.

2.1. Fuzzy statistical analysis. The detection of trends and the measurement of change
points is an interesting topic in copula analysis. Before attempting to identify change
points or districts, several fundamental questions must be addressed. What does a change
point or district mean? Can a clear definition of a change point or district be arrived at?
How can change points be determined if the structure for a variable changes gradually?
These problems concerning semantic interpretation and fuzzy statistical analysis have long
bothered many researchers. For this reason, Zadeh proposed fuzzy set theory – a gener-
alization of classical set theory – to accommodate semantic and conceptual fuzziness in
statements [12]. Fuzzy theory intrinsically pertains to linguistic variables, a characteristic
that can help researchers represent uncertainty in social phenomena.
In this study, we use fuzzy logic to address change periods and trend problems in

correlation analysis. However, these detection techniques are based on the assumption
that the underlying population exhibits the characteristic of having a significant change
point [13]. Using fuzzy set theory, Wu and Chen proposed a procedure for detecting the
change period in a nonlinear time series [13]. Nevertheless, when working with correlations
with switching regimes, in addition to change point detection, the properties of change
periods should also be considered.
In this study, we quantitatively analyzed survey data. A fuzzy questionnaire better

captures the intrinsic uncertainty of human thought relative to its traditional counterpart,
allowing the respondent to provide answers that accord more with what and how they
think through the concepts of fuzzy set membership and interval values. Leveraging fuzzy
statistical analysis and soft computing methods, fuzzy theory is a discipline concerning
the quantitative representation of the language underpinning human thought.

2.2. Fuzzy correlation coefficient. Let Xi, Yi be two sequence of a paired fuzzy data
on a population Ω, and Xi = [ai, bi], Yi = [ci, di] (i = 1, 2, . . . , n), with its pair of centroids
being (cxi, cyi) and pair of areas being ∥xi∥ = area(xi), ∥yi∥ = area(yi).

crxy =

∑n
i=1 (cxi − cx) (cyi − cy)√∑n

i=1 (cxi − cx)2
√∑n

i=1 (cyi − cy)2
(1)

λarxy = 1− ln (1 + |arxy|)
|arxy|
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where

arxy =

∑n
i=1 (∥xi∥ − ∥xi∥) (∥yi∥ − ∥yi∥)√∑n

i=1 (∥xi∥ − ∥xi∥)2
√∑n

i=1 (∥yi∥ − ∥yi∥)
2
. (2)

Then, fuzzy correlation is defined as follows.

(i) When crxy ≥ 0 and λarxy ≥ 0, fuzzy correlation = (crxy,min[1, crxy + λarxy]).
(ii) When crxy ≥ 0 and λarxy < 0, fuzzy correlation = (crxy − λarxy, crxy).
(iii) When crxy < 0 and λarxy ≥ 0, fuzzy correlation = (crxy, crxy + λarxy).
(iv) When crxy < 0 and λarxy < 0, fuzzy correlation = (max[−1, cxy − λarxy], crxy).

However, if one of the terms is a constant, irrespective of what the other variables do to
the (x, y) pair, then λarxy is zero; that is, the fuzzy correlation coefficient and Pearson’s
correlation coefficient are equal.

Example 2.1. Suppose we have the following data presented in Table 1.

Table 1. Numerical example of interval-valued fuzzy data

Sample
X Y

Data Centroid Area (length) Data Centroid Area (length)

A [23, 25] 24 2 [1, 2] 1.5 1

B [21, 26] 23.5 5 [2, 3] 1.5 1

C [29, 35] 27 6 [0, 1] 0.5 1

D [28, 30] 29 2 [2, 4] 2 2

E [25, 34] 29.5 9 [2, 5] 3.5 3

(Fuzzy) mean 26.6 4.8 1.8 1.6

In that case, the correlation between the two centroids is as follows:

crxy =

∑n
i=1(cxi − 26.6)(cyi − 1.8)√∑n

i=1 (cxi − 26.6)2
√∑n

i=1 (cyi − 1.8)2
= 0.54.

Similarly, the correlation between the two lengths is as follows:

arxy =

∑n
i=1 (∥xi∥ − 4.8) (∥yi∥ − 1.6)√∑n

i=1 (∥xi∥ − 4.8)2
√∑n

i=1 (∥yi∥ − 1.6)2
= 0.53.

λarxy = 1− ln(1 + 0.53)

0.53
= 0.19.

Because the centroid correlation is arxy ≥ 0 and the area (length) correlation is λarxy ≥
0, the fuzzy correlation is (r,min[1, r + λarxy]) = (0.54,min[1, 0.72]) = (0.54, 0.72). This
implies that the relationship between X and Y is quite high.

2.3. Fuzzy hierarchy of correlation. Human thinking is complex, uncertain, and
sometimes surprising. However, the statistical relationships obtained from traditional
questionnaires come only in the forms of positive correlations, negative correlations, or no
correlation. Moreover, analyses of correlations in crisp (i.e., traditional, non-fuzzy) data
sets require such data sets to be large and normally distributed, with Pearson’s correlation
coefficient typically used to calculate the R value. Therefore, in this study, we further
explored the use of the fuzzy correlation coefficient to represent the linear relationship
between two variables. We take the median of a data set as a comparative reference
point to divide the linear relationship into two districts. This method is called the fuzzy
hierarchy of correlation (FHC) method.
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For example, in a traditional study on a drug’s effect, pharmacodynamic dosing may
initially exhibit a good effect (illustrated in segment A of Figure 1) but the overall segment
(segment A and segment B) indicates no linear relationship. If Figure 1 is divided into
the two hierarchies of A and B, we find that the dosages and effects are not positively
correlated, even after overdose causes by the effect of variation (segment B), thereby
exhibiting a negative correlation. In summary, the original linear relationship should
have zero correlations from the hierarchical relationship revealed by the analysis, which
clearly shows the trend and the steering of the associated linear relationship.

Figure 1. Dosage and effect of the linear relationship

2.4. Decision of a switch regime. We use the K-means method to detect an appro-
priate switch regime.
Step 1. Defuzzification for x in the fuzzy data pair (x, y).
Step 2. Ordering the fuzzy data pair (x, y) by the rank of x.
Step 3. Using the fuzzy K-means approach to classify the sequence of data (x, y).
Step 4. Calculating the correlation according to its regime.

3. Results. This study explored the correlation between Parental educational Invest-
ment (PI) and Student academic Performance (SP). However, many factors influence SP,
such as school size, the urban-rural gap, and family socioeconomic background. There-
fore, we adopt purposive sampling to recruit third-grade students of a junior high school
(School A) in Taiwan to minimize the influence of other factors on the results. In addition,
the factor of family socioeconomic background was similar for all students. Their parents
were middle class, working as teachers or civil servants.
The following sections describe the use of the Spearman rank correlation test, fuzzy

correlation coefficient, and FHC in our study.

3.1. Spearman rank correlation test. To detect whether PI is related to SP, this
study adopted the Spearman rank correlation test.
Step 1. Defuzzify x in the fuzzy data (x, y).
Step 2. Use the defuzzification rule in continuous-interval fuzzy data.
Use the defuzzification rule {xi = [ai, bi] , i = 1, . . . , n} in a fuzzy data set as follows.
Let cfi be the continuous defuzzification value of sample i, then cfi = ci +

l
2 ln(e+ci)

,

l = bi − ai, ci =
1
2
(bi − ai), where e is the base of the natural logarithm.

Step 3. Analyze the continuous defuzzification values (41 data points of PI are shown
in Table 2).
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Table 2. Defuzzification for data on parental investments

Sample A1 A2 · · · A40 A41

Investments [0, 0] [0, 0] · · · [36500, 43500] [43200, 56800]

Defuzzification 0 0 · · · 49305.6 50628.5

Step 4. Ranks of the defuzzification values of PI and SP are presented in Table 3.

Table 3. Rank of the variables of PI and SP

Sample A1 A2 · · · A40 A41

PI rank 1 1 · · · 40 41
SP rank 2 1 · · · 9 39

Our sample comprised > 30 individuals. We used the central limit theorem to compute
a Z value of 3.08. The result was significant, and the null hypothesis (H0) was rejected.
Therefore, PI and SP were found to be positively correlated.

3.2. Fuzzy correlation coefficient. As indicated in Table 4, the correlation between
the centroids of PI and SP is as follows:

crtotal(PI•SP ) =

∑n
i=1(cxi − 15262.19)(cyi − 344.73)√∑n

i=1(cxi − 15262.19)2
√∑n

i=1(cyi − 344.73)2
= 0.33

If one of the terms is a constant, irrespective of what the other variable does for the
(x, y) pair, the correlation (λarPI•SP ) is zero.

Table 4. PI and SP interval-valued fuzzy data

Sample
Parents’ educational investment (PI) Students’ academic performance (SP)
Data (xi) Centroid (cxi) Length Data (yi) Centroid (cyi) Length

A1 [0, 0] 0 0 230 230 0
A2 [0, 0] 0 0 200 200 0
· · · · · · · · · · · · · · · · · · · · ·
A40 [36500, 43500] 40000 3500 332 332 0
A41 [43200, 56800] 50000 6800 391 391 0

(Fuzzy) mean 15262.19 2034.87 344.73 344.73 0

Using Formula (1) on the data for 41 students, we computed the total correlation
coefficient of PI and SP to be crtotal(PI•SP ) = 0.33, indicating a moderate correlation.
Subsequently, we used Minitab 16.0 to draw a linear plot of the two variables (Figure 2).

3.3. Fuzzy hierarchy of correlation. First, the median interval value of [7000, 13000]
and the two interval values of [4500, 7500] and [11500, 14500] fell in the correlation tran-
sition district. To make the correlation coefficient more accurate, we deduced those two
values that fell within the correlation transition district. Second, the linear plot was
divided into three levels in a hierarchy, namely the first district, second district, and cor-
relation transition district (Figure 3). Both the first and second districts contained data
on 19 participants. Furthermore, the second district was deduced from the first district
and correlation transition district.

As explained, the data of the first district were [0, 0], [0, 0], . . . , [4000, 6000] and the data
of the second district were [13600, 16400], [13500, 16500], . . . , [43200, 56800]. The correla-
tion between the first district and the centroids of PI and SP is as follows:

crfirst(PI•SP ) =

∑n
i=1(cxi − 2223.68)(cyi − 326.26)√∑n

i=1(cxi − 2223.68)2
√∑n

i=1(cyi − 326.26)2
= 0.61
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Figure 2. Linear plot of PI and SP

Figure 3. Linear plot of fuzzy hierarchy of correlation

If one of the terms is a constant, irrespective of what the other variables do for the
(x, y) pair, the correlation (λarPI•SP ) is zero.
Using Formula (2) on the data for 19 students, the results are shown in Table 5, we

computed the correlation coefficient of PI and SP to be crfirst(PI•SP ) = 0.61, indicating a
high correlation. Subsequently, we used Minitab 16.0 to plot the linear relationship for the
first district (Figure 3). The results of this study agreed the finding of previous studies
[14-16]. The parental educational investment (PI) and student academic performance
(SP) are positively correlated. Besides, this study further identifies the existence of the
correlation transition district. However, other factors also import for student academic
performance, as parental involvement [16,17].
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Table 5. First district of interval-valued fuzzy data

Sample of
first district

Parents’ educational investment (PI) Students’ academic performance (SP)
Data (xi) Centroid (cxi) Length Data (yi) Centroid (cyi) Length

A1 [0, 0] 0 0 230 230 0
A2 [0, 0] 0 0 200 200 0
· · · · · · · · · · · · · · · · · · · · ·
A18 [4600, 5000] 4800 200 312 312 0
A19 [4000, 6000] 5000 1000 377 377 0

(Fuzzy) mean 2223.68 217.36 326.26 326.26 0

Table 6. Second district of interval-valued fuzzy data

Sample of
second district

Parents’ educational investment (PI) Students’ academic performance (SP)
Data (xi) Centroid (cxi) Length Data (yi) Centroid (cyi) Length

A21 [13600, 16400] 15000 1400 354 354 0
A22 [13500, 16500] 15000 1500 370 370 0
· · · · · · · · · · · · · · · · · · · · ·
A40 [36500, 43500] 40000 3500 332 332 0
A41 [43200, 56800] 50000 6800 391 391 0

(Fuzzy) mean 29184.21 3857.89 357.47 357.47 0

4. Conclusion. We used fuzzy statistics to better represent the correlation between PI
and SP in the form of the fuzzy hierarchy. Our sample comprised 41 students who had
just graduated from junior high school (School A). The data on SP were the participants’
scores in Taiwan’s Basic Competence Test, and we compared the relationship of SP with
the fuzzy interval functions of PI.

We suggest the following based on the findings.
1) crtotal(PI•SP ) = 0.33; PI and SP are positively correlated. Thus, parents should invest

more in their children’s education to improve academic performance.
2) Although PI and SP are positively correlated, this correlation does not entail that

greater PI causes an increase in SP. Interpretations of our findings should not stretch be-
yond what the evidence warrants. We thus proposed FHC to avoid the pitfalls of excessive
interpretation, using which we obtained the following correlation transition district.

3) crfirst(PI•SP ) = 0.61 > crtotal(PI•SP ) = 0.33. The correlation coefficient before the
correlation transition district (crfirst(PI•SP )) is higher than the total correlation coefficient
(crfirst(PI•SP )).

4) crsecond(PI•SP ) = 0.16 < crtotal(PI•SP ) = 0.33. The correlation coefficient after the
correlation transition district (crfirst(PI•SP )) is lower than the total correlation coefficient
(crfirst(PI•SP )). This implies that the relationship between PI and SP is not a causal one.

5) We used the FHC method to identify the existence of the correlation transition
district. FHC was used to examine PI and SP to obtain the point and period of change.
Our approach is also novel. In the future, we will apply the fuzzy polynomial regression
model to analyze the trend and change cycle of the educational investment to academic
achievement.
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