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ABSTRACT. This paper is concerned with the observer-based controller design problem
for networked control systems (NCSs) with both network-induced delays and data packet
dropouts which are caused by mon-ideal network environment. The system states are
assumed to be unavailable, then an observer is designed to estimate the states of the
system and a sufficient condition for the observer-based controller design of NCSs is
derived in the form of linear matriz inequalities (LMIs). Finally, a numerical example
18 given to illustrate the effectiveness of the proposed control method.
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1. Introduction. NCSs have many advantages when compared with traditional control
systems, such as extensibility, easy maintenance, weight reduction, and high reliabili-
ty [1, 2]. However, because of the complicated work environment and the introduction
of communication networks, many challenges exist for the analysis of NCSs, such as
network-induced delays and data packet dropouts. In practical systems, especially net-
worked control systems, system states usually cannot be measured or partially cannot be
measured. In order to solve this problem, output feedback control or state observer-based
control is usually adopted. In recent years, output feedback controller design problem has
been widely investigated. Compared with static output feedback control, observer-based
output feedback controller design has less been studied and is more complicated. There-
fore, it is very necessary to study the observer-based stabilization problem for NCSs with
induced-delays and packet dropouts.

Due to the network environment of NCS, network-induced delays inevitably exist and
may affect the system performance. Up to now, many achievements have been obtained.
In [3], a kind of delay-dependent H,, controller design was studied for a class of uncertain
networked control systems. A guaranteed cost controller was designed for uncertain time-
delay network control systems in [4]. A new predictive control design scheme was proposed
for a class of globally Lipschitz nonlinear continuous NCSs incorporating large time-
varying transmission delays in [5]. Except for time delays, data packet dropout problem
is also an important factor which can influence the system performance.

In recent years, data packet dropout problem has received more and more attentions
and a lot of research productions have been obtained. In [6, 7], data packet dropout was
modeled as Bernoulli process, and then data missing process was modeled as stochastic
process with certain probability distributions. Except for Bernoulli process, Markovian
process method was also utilized to model data packet dropouts process, such as in [8, 9].
In most of the above literature, system states can be measured while in practical systems,
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it is usually unattainable. So state observer-based control problem can be applied for
NCSs with unmeasurable states.

Different from static state feedback control and static output feedback control, observer-
based control problem is more difficult to study. In [10], observer-based controller design
for NCS was studied in the presence of output quantisation and random communication
delay. A design scheme was proposed in [11] for the observer-based output feedback
controller to stabilize the closed-loop networked system with random sensor delays. In
[12], observer-based control problem was investigated for a class of switched NCSs with
missing data. However, all the above literature did not consider both induced delays and
data packet dropouts.

Motivated by the discussions above, this paper mainly talks about the observer-based
controller design problem for NCSs subject to induced delays and packet dropouts. In this
paper, we model the data packet dropouts as Bernoulli process and the closed-loop system
can be seen as a kind of stochastic system. Then, a sufficient condition is established
for stochastic stability analysis and observer-based controller is obtained by Lyapunov-
Krasovskii stability theory.

2. Problem Statement and Preliminaries. The structure of NCSs in this paper is
shown in Figure 1. The plant to be controlled is a discrete-time system with the following
form:
x(k+1) = Az(k) + Bu(k) ]

oo =t W
where z(k) € R", u(k) € R™, y(k) € RP are the system states vector, control input signals,
and measured output. A, B, C are known real matrices with appropriate dimensions. In
this paper, the following assumptions are needed.

Assumption 2.1. Due to the network environment, x(k) is usually difficult to measure,
so in this paper, we assume that all the system states cannot be measured.

Assumption 2.2. As is shown in Figure 1, networked-induced delays and data packet
dropouts exist in both sensor-to-observer channel and controller-to-actuator channel.

Assumption 2.3. [13] The sensor is time-driven, and the controller and actuator are
event-driven.

u(k) y(k)
Actuator Plant Sensor
Delay/Packet
Dropouts Delay/Packet
Dropouts
Controller Observer
ack) &(k) ()

FIGURE 1. NCSs model

In this paper, network-induced delay in sensor-to-observer channel is denoted as d(k)
and the delay in controller-to-actuator is denoted as 7(k). Networked-induced delays are
time varying and bounded satisfying: 0 < d(k) < d, 0 < 7(k) < 7, where d and 7 are
known positive integers.
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Data packet dropout process is assumed to be random in this manuscript. Normally,
in some existing papers, Bernoulli process is introduced to represent the random packet
dropout [10, 14]. Bernoulli processes (k) and (k) denote the packet dropout from sensor
to the observer and controller to the actuator, respectively. a(k) takes values in {0,1}
and satisfies [6].

prob{a(k) =1} = E{a(k)} =a, 0 < a <1, prob{a(k) =0} =1—-E{a(k)} =1—a

var{a(k)} = E{(a(k) — @)’} = (1 — @)a = o} (2)
Similarly, 5(k) represents the data packet dropout from controller to actuator and satisfies
[6].

prob{S(k) =1} = E{ﬁ( )} =B, 0< B <1, prob{B(k) =0} =1- E{B(k)} =1 -7

var(B(k)} = E{ (8(k) = B)°} = (1 - B) B = 82 (3)

When a(k) = 1, f(k) = 1, we mean that the delayed signals are transmitted successfully.
On the contrary, a(k) = 0, (k) = 0 means the data is missing. Thus the measurement
y(k) with induced delay and packet dropout can be expressed as

y(k) = a(k)y(k — d(k)) (4)
The control input u(k) can be obtained as
u(k) = p(k)a(k —7(k)) (5)

According to Assumption 2.1, in this paper, a state observer is designed in the following;:
z(k+1) = Az(k) + Bu(k) + L(y(k) — g(k))
(k) = Ci(k) (6)
Then the observer-based controller can be designed as follows:
u(k) = Kz(k) (7)

where K and L are the gain matrices to be designed later.
In this paper, the state observer error is defined as e(k) = z(k) — Z(k), considering (1),
(4), (5) and (6), we have

e(k+1) =x(k+1) —2(k+1) = Az(k) + Bu(k) — Az(k) — Bu(k) — L(y(k) — 9(k))
)

— (A+ BK — LC)e(k) + (LC — BK)x(k) + 8(k)BKz(k — 7(k))
—a(k)LCx(k —d(k)) — (k)BKe(k — 7(k)) (8)
For the sake of analysis in the following section, we have the following conversion:
alk) =a— (@—a(k), Bk) =5~ (53— B(k) (9)

Then (8) can be rewritten as
e(k+1) = (A+ BK — LO)e(k) + (LC — BK)x(k) + (8 — (B — B(k))) BKz(k — 7(k))
—(a—(a—a(k))LCOx(k —d(k)) — (8 — (8 — B(k))) BKe(k — 7(k)) (10)
Similarly, the closed-loop system can be obtained as
v(k+1) = Az(k) + (B — (8 — B(k))) B (x(k — 7(k)) — e(k — 7(k))) (11)
Based on the above discussions, we have the following augmented system
n(k +1) = An(k) + Ain(k — 7(k)) + Aon(k — d(k)) (12)
where

. A 0
~| LC-BK A+BK-LC
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- BK —BK = 0 0
Alzﬁ(k)|:BK —BK}’ A2:a(k){_LC O}
The following definition and lemmas are introduced to develop our main results.

Definition 2.1. [10] The closed-loop system (12) is stochastically stable if for every initial
condition xo € R™, there exists a scalar v > 0 such that:

E {Z ||n(k)||2} < vE {|In(0)]*}

Lemma 2.1. [10] Let V(n(k)) be a Lyapunov functional. If there exist real scalars v, > 0,
Yo >0, ¥ <0 and 0 < Yy < 1 such that

nln®E)* < Vn(k) < yelnk)|?
and
E{V(n(k+1)) [V(n(k))} = V(n(k)) < 1 — 2V (n(k))
then the sequence n(k) satisfies

(0
I

Lemma 2.2. [15] For a given matrix W = W1 >0 € R™™, two positive integers ¥y, Yo
satisfy 42 > 41 > 1 and a vector function x(i) — R", then the following inequality holds:

e[S

’L'Zﬁ/l

E{|n(k)|} < %nn(mn? (1— )" +

2

> i)

i:’71

(e —m+ 1)y 2 (OWa(i) <

=1

@11 @12
01, Oy

Lemma 2.3. [16] Given the symmetric matric © = [ ], the following state-

ments are equivalent:
1)© <0
2) @11 < 0, @22 — @{2@1_11612 <0
5)) @22 < 0, @11 — @12@2_21@?2 <0

3. Main Results. In this section, by using Lyapunov-Krasovskii theory and LMIs tech-
nology, an observer-based controller is designed to ensure the stability of the closed-loop
system.

Theorem 3.1. For the given scalars 0 < a<1,0<B<1,& >0,i=1,2,3,4,5,6, the
closed-loop system is stochastically stable by the observer-based controller (6) and (7) if
there exist matrices P, >0, P, >0, Q1 >0, Q2 >0, R>0,5 >0,5 >0,T>0, K,
L satisfying the following linear matrix inequality:

e Q Qy Q5 U Q5 Q% Qr Qg ]
x &, 0 0 0 0 0 0 O
x x O 0 0 0 0 0 0
x *x x O3 0 0 0 0 O
x k% x Oy, 0 0 0 0 |<O0 (13)
x * % x x Oy 0 0 0
*x x x *x *x *x O5 0 0
* % * ¥ % % x Og 0
| %+ % x k% x *x x Og |
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where

[ @11 P P13 Py P15 Pig Pir Pug ]

k Doy Qo3 Doy Poz Dog Py Dog

* * Py (?34 (?35 cE’sﬁ ?37 ?38

H — * * * Dy c?45 ?46 ?47 C?48

* * * x  Dgy Dgg P5; Psg

* * * Xx x 6)66 (i)67 668

* * * * * * @77 (i)'yg

| X * x S S * * (I)gg

Pyy=—P+Q1+Qy— 5 =55 P1o=0, P15=25;, 1y =5
Py =Pi5=D1r=P13=0, Ppy=—P,+R-T
Boy = Doy = Do5 = Pog = Poy = Pog = 0, P33 = —2951, Py = P35 =0, P35 =5,
Dy = B3z = 0, Pyg = =255, Pys = Pyg = 0, Pyr = S2, Pys = 0, g5 = =27
Py = P57 =0, Pss =T, Do = —Q1 — S1, Pgr = Pes =0, Prp = —Qy — Ss, P75 =0
éggz—R—T Q=[A 00 BBK —BBK 0 0 0]

=[Iy Ty —aLC BBK —BBK 0 0 0]

=[A-1 0 0 BBK —BBK 0 0 0]

=[Iy Ty—1 —aLC BBK —BBK 0 0 0]

=[00 uLC 0 0 0 0 0],Q%=[00 —aLC 0 0 0 0 0]

—[0 00 BBK —4BK 0 0 0]

=[0 0 0 BBK —fBBK 0 0 0]

O, = —2e] + 2P, Oy = —2e5] + 2P, O3 = —2e4] + 2 (J?sl + #52)
Oy = —2e4] +£5725,, O5 = =251 + 2 (P + 7°5,)
O = —2e6] + &2 <P1 4Pyt &S+ 725 + %2T>
=LC—-BK,I'y=A+ BK - LC
Proof: Let s(k) = x(k+ 1) — (k) and z(k) = e(k + 1) — e(k), according to (10) and
(11), we have
s(k) = (A—Da(k) — (8 — (8 — B(k))) BK (x(k — 7(k)) — e(k — 7(k)))
2(k) = (T2 = I)e(k) — (B~ (B - B(k))) BKe(k — (k) + 1 (k)
+ (8= (8- Bk)) BKx(k —7(k)) — (@ — (a — a(k)) LCx(k — d(k)) (14)
Then, we construct the Lyapunov-Krasovskii functional candidate as
V(k) = Vi(k) + Va(k) + Va(k) + Vi(k) + Vs (k)

where

k) = Y T@Qu) + Y+ ()Qui)
V) = 3 TR
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-1 k-1

= 2 U7

i=—7 j=k-+i

Calculating the forward difference of V(k) and taking the mathematical expectation
E{AV;(k)} = E{Vi(k+ 1)} — Vi(k), we obtain

E{AVi(k)} = E{a"(k+ 1)Piz(k+ 1)+ €' (k+ 1) Pe(k + 1)} — 2" (k) Piz(k)
—e"'(k) Pye(k) (15)
Then, it can be obtained that
E{AV3(k)} = o (k)Qix(k) — 2" (k — d) Qi (k — d) + 27 (k) Qe (k)
" (k — )szv( 7)
E{AVs(k)} = eT(k)Qze(k) e’ (k — 7)Qze(k — 7) (16)

and

E{AVy(k)} < E{d’s"(k)Sis(k)} — z_: ds"(1)S1s(i) + E {7°s" (k) Sas(k) }
h—d

- Z 757 (1) So5(1)
i=k—d
k-1
E{AVs(k)} < E{72"(k)Tz(k)} =) 72" (k)Tz(k) (17)
k=1
Obviously we have
k=1 k—1 k—d(k)—1
=) ds"(i)Sis(i) = — Is"(i)Sis(i) — > ds"(i)Sus(i)
i=k—d k—d(k) i=k—d
k—1 h—d(k)-1
< — d(k)s"(D)Sys(i) — Y (d—d(k)) s"(i)Sis(i) (18)
k—d(k) i=k—d
According to Lemma 2.2, we have
k-1 k—d(k)—1
— d(k)sT(1)Sys(i) — (d—d(k)) s"(i)S1s(3)
k—d(k) i=k

< —[a(k) — x(k — d(k)) 7Sy [x(k) —
— [w(k = d(k) — 2 (k= d)]" Sy [k — d(k))—ar(/f—d)]

Furthermore we have
= Y ds"(i)Sus(i) < —[a(k) — a(k — d(k))]" Salx(k) — z(k — d(k))]
i=k

~ ek —d(k)) — 2 (k — d)]" S [wlk — d(k)) — z (k- d)] (19)

Similarly, we have

k-1

= > 757(0)S25(i) < —[a(k) — a(k — 7(k)]" Saw(k) — x(k — (k)]

i=k—7

—[z(k = 7(k)) — 2(k = 7)]" Sala(k — 7(k)) — x(k —7)] (20)
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and

- Z 72 (0)T2(i) < —[e(k) — e(k — (k)" Tle(k) — e(k — 7(k))]

—le(k = 7(k)) — e(k = D) Tle(k — 7(k)) —e(k = 7)]  (21)
Then based on the above analysis, (17) can be rewritten as
E{AVi(k)} < E{d*s" (k)S1s(k)} — [w(k) — a(k — d(k))]" Si[(k) — 2(k — d(k))]
—[(k’—d(k))—x(k—@] Sila(k = d(k)) = (k — d)]
+E {77 (k) Sas(k) } — [x(k) — 2(k — 7(k))]" Safx(k) — 2 (k — 7(k))]

—[z(k = 7(k)) — 2(k = 7)]" Sola(k — 7(k)) — x(k — 7)] (22)
and
E{AVs(k)} < E{7%"(k)T2(k)} — [e(k) — e(k — 7(k))]" T[e(k) — e(k — 7(k))]
—le(k = (k) = e(k = )" Tle(k — 7(k)) — e(k — 7)] (23)

Denote the augmented state vector as
(k) = [2"(k) e"(k) a"(k—d(k)) 2"(k—r(k)) e"(k—7(k))
xr (k’ — d) ol (k—7) el'(k—7) }
According to (15), (16), (22) and (23), we have

E{AV(k)} < &7 (k)E(K) (24)
where
[ P11 Pz Pz Py Pis Py Py Pig ]
Doy Doz Py Dos Pyg Doy Dog
* ¥ Dgz3 B3y Pgs Dy P3r Py
| * o x Dy Pys DPyg Par Pug
* * * * (1355 (1)56 (1)57 (1)58
* * * * x  Ogg DPgr DPgs
* * * * * x O Prg
E: * * * * * *  Pgg |

Oy = ATPIA+TIPT, — PL+ Q1+ Qo+ (A= DTS (A~ 1)+ (A—1)T725,(A — 1)
+IT7Tr, — S — S,

O, =TTPD, 4+ TTT(Dy — I), ®13=—-alTPLC — al'T#TLC + S,

®yy = BATPBK + BTT P,BK + (A — I)"d*S,BK + 3(A — I)"#2S,BK + BI'] 7*TBK
+ 52

®15 = —BATPBK — BTTP,BK — B(A— I)T"d*S,BK — B(A — )T 72S,BK
— BIr'T#*TBK

Prg=Dy;=D1g=0, oy =TTPy— P+ R—T+ Iy — )T 72T (Ty — I)

Dy = —al TP LC — alT7TLC, @y = fTTP,BK + 5 (T3 — I)" 7*TBK

Dys = —ATTPBK — 3 (Ty — I)T 72TBK, $gg = By7 = Byg = 0

Dy3 = (a° + 0f) (LC)"RLC + (& + of) (LC)'#TLC — 25,

®3y = —aB(LC)Y' P,BK — aB(LC) ' #*TBK

®35 = aB(LC)' P,BK + aB(LC)'7*TBK, ®35 = S, ®37 = $35 =0

uy = (5 + 52) (BK)"PBK + (B° + B2) (BK) P,BK + (5 + 5%) (BK)" (&8,
+ 725,) BK + (8% + 1) (BK)"#*TBK — 25,
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Bis = — (7 + ) (BRYPLBK — (7 + ) (BT BB — (3 + ) (BT (25,
+7°8,) BK — (8% + 37) (BK)"7*TBK
Py =0, Pyr = Sy, Pyg =0
055 = (52 + 62) (BK)"PLBK + (B* + 82) (BK)TP,BK + (3% + 82) (BK)" (&5,
+ 728,) BK + (8% + 1) (BK)"#*TBK — 2T
P56 = P57 =0, P55 =T, Pog = —Q1 — 51, Por = Pgg =0, P77p = —Q2 — Sz, P75 =0
Bgs = —R—T
If & < 0, we obtain that E{AV(k)} < 0. Following a similar proof procedure in [10], it
yields:
E{AV(k)} < 5 (k)PE(K) < ' (k)Pn(k) < =Amn(=P)n" (k)n(k) < —un® (k)n(k) (25)
where
0 < p <min (Apin(—P),0), 0 : max {A\nax (F) ; Amax (Qi) s Amax (R); Amax (i) s Amax (1) }
i=1.2
From E{AV(k)} < 0 it yields
B{AV(k)} < =gy (k)n(k) < =2V (k) = =iV (k) (26)

Hence, it can be obtained from Lemma 2.1 and Definition 2.1 that the closed-loop system
is stochastically stable.

® < 0 is a stability condition of the closed-loop system and obviously it is not LMI.
Then in order to solve the observer-based controller design problem, we need a condition
in the form of LMI.

Notice that & < 0 is equal to

[ By Dy Py Py D5 Py Pir Pus ]
kDo (?23 (?24 (?25 (?26 ?27 ?28
* *  Pg3 c?34 (1)35 (1)36 ‘?37 ‘?38
kok ok Dy Dyy Py Pyr Pus T T T
* * * * *  Dgg (?67 (?68
* * * * * *  Oor Prg
s * * * * * x  Dgg |
+ Q5 (P81 +7°9) Qs + Q7T + Qf (P +7°T) Q5 + Q5 (P +7°T) Qg

+Qf (P1 + Py+ d2S, + 725, + ?2T> 0,
+QF (Pr+ P+ d*S) + 728 + 7°T) Q5 < 0 (27)

By using Lemma 2.3, (27) can be transformed into the following inequality:

_<I> Ql QQ Qg Q4 Qs QG Q? QS T
* P70 0 0 0 0 0 0
x o« =Pyt 0 0 0 0 0 0
. s —(2S14728,) 0 0 0 0 0
* * * * (—?QT)71 0 0 0 0 <0 (28)
* * * * * —(P2+7_'2T)_1 0 0 0
* * * * * * —(P2+77'2T)71 0 0
* * * * * * * —I! 0
L * * * * * * * * 111

where P| + P, + d?S; + 725y + 72T = II. It is obvious that (28) is not strict LMI so it
cannot be solved directly. According to [17], for any positive scalars ¢;, i = 1, 2,3, 4, there
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exist the following inequalities:
-1
—P 1 <0y, =P <6y, — <J251 +f252> <03, — (fQT)il <6,

— (P +72T) ' <05, — (P + Py + &Sy + 728, + 7°T) < O (29)

According to (29), it can be concluded that if (13) holds, (28) holds. The proof is com-
pleted.

Remark 3.1. By using the inequalities (29), the non-strict LMI (28) can be transformed
into the form of LMI. Differently, some other existing papers apply the idea of the cone
complementarity algorithm (CCL) developed in [18] to transform the original non-convez
feasibility problem to a nonlinear optimization problem. Compared with CCL method, the
basic matrixz inequality method has lower computational cost and is easy to understand.

4. Numerical Example. In this section, a numerical simulation result is presented to
show the validity of the designed observer-based controller. The system parameters are

shown as follows:
—1.06 0.5 2
A:{oz 0_3},3:[1},02[0‘1 0.1 ]

The state response of open-loop system (u(k) = 0) is shown in Figure 2 and it is clear
that the open-loop system is unstable. Some parameters are given in the following:

J:%:?), 0_420.2, 5201, 61262:&?3254:65:86:1
By solving the LMI (13) in Theorem 3.1 it yields t,,;, = —0.0010 which implies that the
LMI is feasible and we obtain that
K=1[01222 —0.135 |, L= { 00189
By the observer-based controller (6) and (7) with gains above, the states trajectories are

shown in Figure 3. Obviously, the closed-loop system is stabilized by the observer-based
controller we designed which demonstrate that the proposed method is effective.

—9.8039 }

600 A

state respnse x(k)

-400 =k

0 5 10 15 20 25 30 35 40 45 50
time step k

FIGURE 2. State responses of the open-loop system
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05pn ]

051

state response  x(k)

1
0 5 10 15 20 25 30 35 40
time step k

FIGURE 3. State responses of the closed-loop system

5. Conclusions. In this paper, networked-induced delays and data packet dropouts are
considered simultaneously in both channels. The data packet dropout process is modeled
as random Bernoulli process. By employing a Lyapunov-Krasovskii functional candidate,
the observer gain and controller gain can be obtained through a sufficient condition based
on LMI technique. At last, a numerical example is given to show the effectiveness of our
proposed method.
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