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Abstract. The point clouds obtained in multiple measurements are inconsistent, so it
is inapplicable to the iterative closest point (ICP) algorithm and its variants that di-
rectly establish correspondences through the original points. For this problem, the local
approximation surface is utilized in this paper to help establish correspondences, con-
verting the initial point-to-point registration to the surface-to-surface registration. This
algorithm strives for a tradeoff between efficiency and accuracy. The detail process of
building the surfaces and the overall procedure of this algorithm are elaborated in this
paper. Three-dimensional registration tests of multi-view point clouds show that this al-
gorithm performs better in terms of registration accuracy.
Keywords: Point cloud, Registration, ICP, Local approximation surface

1. Introduction. In industrial applications, blades, drills and other complex industrial
parts are susceptible to damage due to the severe, harsh working conditions and they
are always hugely expensive; therefore, the restoration of these used parts is an urgent
demand in relative areas [1,2]. In the rebuilding process based on reverse engineering
(RE), the most significant step to ensure the repairing accuracy of complicated parts is to
improve the accuracy of damaged area geometric modeling, which is then determined by
registration accuracy [3,4]. The registration technology of three-dimensional point clouds
has been one of the hottest researches in recent years.

A typical rigid-registration method of three-dimensional point clouds is the iterative
closest point (ICP) algorithm [5] which is proposed by Besl and McKay in 1992. The ICP
algorithm defines the point clouds to be registered as the source and the target. During
the registration process, the target keeps fixed and the source is transformed to the target
progressively. In each iteration process, the ICP algorithm searches for the nearest point
in the target for each point in the source, generates corresponding points and computes
the coordinate transformation matrix transforming the source to the target. The original
ICP algorithm provides a prototype, but it takes too much time when dealing with a large
number of points because it traverses all the points. Moreover, when the point numbers in
the source and the target are unequal or the point clouds contain noises, the original ICP
algorithm cannot achieve precise registration. As a result, many ICP algorithm variants
have been proposed to solve this problem.

For optimizing the efficiency, [6,7] establish a KD-tree index for querying the nearest
point, [8] adds a small perturbation to the translation matrix for fast convergence, and
[9,10] replace the original objective function. For raising the accuracy, [11,12] employ
a weighted linear combination of position distance and characteristic distance to find
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correspondence, and [13] proposes an iterative re-weighting method to tackle the problem
of evaluating corresponding points. In order to generalize the ICP algorithm to make it
available in a broader field, [14] proposes an algorithm that works well while processing
point clouds with noises. [15] proposes an algorithm performing well in the registration
of point clouds from damaged parts.

The 3D point clouds to be registered are acquired from surfaces of parts by measurement
equipments; there is no guarantee that different measurement processes produce points
of the same number. Consequently, the target point cloud is inappropriate to be directly
used to establish correspondence in the registration process. However, the original ICP
algorithm and its variants mentioned above compute the corresponding points directly
from the target point cloud, which causes deviation between the selected point and the
real corresponding point, generates an improper transformation matrix and finally influ-
ences the registration accuracy. In addition, because the optimization algorithm is often
accompanied by huge time consuming, it is necessary to ensure the registration efficiency
within an acceptable range while at the same time optimizing the registration accuracy.

In order to further improve the registration accuracy to meet the industry needs, this
paper proposes an algorithm from the perspective of optimizing the corresponding points.
This algorithm constructs approximation surfaces of local neighborhoods of the target to
search for more reasonable potential corresponding points for each point in the source.
Since building the surfaces is time-consuming and inefficient, this algorithm first applies
a highly efficient algorithm to achieving a fast convergence, and then exploits the local
approximation surfaces to improve the accuracy of the final registration.

The remaining content of the paper is summarized as follows. Section 2 elaborates
the algorithm of building the approximation surface, followed by the whole registration
algorithm detailed in Section 3. In Section 4, this algorithm is compared to others to
validate this proposed method. Finally, a conclusion is given in Section 5.

2. Building Approximation Surface of Local Neighborhood.

2.1. Parameterization of local neighborhood data points. 3D point clouds to be
registered are usually obtained by contact or non-contact measurement equipments and
are always uniformly distributed; therefore, the k nearest neighbors algorithm can be used
to obtain the points representing the local neighborhood area. In this algorithm, the k
value should be selected based on the sampling density of the three-dimensional measuring
device. If the k is exceptionally large, the approximation surface cannot be guaranteed to
be an open surface. Conversely, if it is extremely small, more reasonable corresponding
points cannot be acquired. Owing to the fact that 3D measurement equipments provide
a large number of points, the R*-tree or the KD-tree should be applied as an index to
enhancing the k nearest neighbors query efficiency. Assume the source and the target to
be S and M , and Si to be a point in S. With the given neighborhood querying number
k, the small scale local neighborhood points M are parameterized as follows.

Step 1. Construct a spatial index for M using KD-tree.
Step 2. For each Si, compute the closest point Mi from M , and find the k-nearest

points of Mi from M . The resulting points constitute the point set X.
Step 3. Let ci (i = 1, 2, 3, 4) be the constant coefficients. Then the equation of the least

square plane of X is

p = f(x, y, z) = c1x + c2y + c3z + c4 = 0 (1)

Compute the least square plane p.
Step 4. Project the points in X onto the plane p. Let a be an arbitrary point in X, and

its projection on plane p be a′. Let n⃗ be the normal vector of p, and then n⃗ = (c1, c2, c3).
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Figure 1. Parameterization of local neighborhood data points

The projection point set X ′ of X is computed by the follow formula:

a′ = a − n⃗ · a + c4

||n⃗||||n⃗||
n⃗ (2)

Step 5. Use Graham Algorithm [16] to obtain the convex hull of X ′, based on which
the algorithm in [17] is implemented to obtain the minimum bounding rectangle (MBR),
which is represented by R.

Step 6. As shown in Figure 1, let one of the vertices B0(uc0 , vc0) of R be the origin, and
its diagonal vertex be B2(uck−1

, vck−1
). Establish the local coordinate system C. Transform

all the data points of X ′ to the coordinate system C. lu and lv are the two side lengths
of R. The formula to parameterize the local neighbor points is

u′
i =

ui − uci

lu
, v′

i =
vi − vci

lv
(3)

2.2. Approximation surface construction. The m × n tensor product surface is de-
fined as follows:

S(u, v) =
n∑

i=0

m∑
j=0

Bi,n(u)Bj,m(v)Pi,j (4)

where Pi,j are the control points, and Bi,n(u) and Bj,m(v) are Bernstein Polynomials.
Assume Qt ∈ X, t = (0, 1, 2, . . . , k), then

S(u, v) =
n∑

i=0

m∑
j=0

Bi,n(u)Bj,m(v)Pi,j = Qt (5)

Let Di,j(u, v) = Bi,n(u)Bj,m(v), and

D =

[
D0,0(u0, v0) D0,1(u0, v0) · · · D0,m(u0, v0) · · · Dn,0(u0, v0) Dm,n(u0, v0)
D0,0(uk, vk) D0,1(uk, vk) · · · D0,m(uk, vk) · · · Dn,0(uk, vk) Dm,n(uk, vk)

]
(6)

then,

D ×


P0,0

. . .
P0,m

. . .
Pn,m

 =


Q0

Q1

. . .
Qk

 (7)
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Use singular value decomposition method (SVD) to solve Equation (7), and compute all
the control points P(i,j) of the parametric surface. Therefore, the approximation surface
S(u, v) is determined.

3. Registration Algorithm Based on the Local Neighborhood Approximation
Surface. The approximation surface of the local neighborhood reflects the actual surface
of the real parts. Resample the approximation surface with a fixed interval, search for the
nearest point from the discrete points in term of Euclidean distance, and then establish
optimized corresponding points. Based on that, a more reasonable transformation matrix
is obtained and then used to transform the source. Although this algorithm reduces the
total number of iteration required for convergence, it is time-consuming in each iteration
process when dealing with a large amount of points, which finally reduces the overall
algorithm efficiency. In order to optimize the operating efficiency, the precise registration
method is accomplished in two steps. To begin with, align the source to the target rapidly
using a highly efficient algorithm, such as algorithm [6]. Secondly, apply the algorithm
based on the approximation surface to further improving the registration accuracy. The
whole process is detailed as follows.

Step 1. For each point Si, construct the approximation surface according to Section 2,
which is:

S = S(u, v), u ∈ [uc0 , uck−1
], v ∈ [vc0 , vck−1

] (8)

With the discrete parameters u and v, compute the discrete points according to Equa-
tion (8). Then the Euclidean distance from Si to all the discrete points di (i = 1, 2, . . . , m),
where m is the number of the discrete points, can be obtained. Let dmin = min{d1, d2, . . . ,
dm}, and then dmin is the distance from Si to the approximation surface. The data point
Mi which generates dmin and Si constitutes a pair of corresponding points.

Step 2. Let the translation matrix be q⃗t, the rotation matrix be q⃗r, and the total number
of points in the source be N . Build the error function:

F (q⃗r, q⃗t) =
1

N

N∑
i=1

||Mi − (q⃗rS
′
i + q⃗t) ||2 (9)

Solve Equation (9) by using the SVD method to get the optimal transformation matrix
q⃗ = q⃗r|q⃗t.

Step 3. Transform Si using the acquired transformation matrix q⃗, that is S ′
i = Si × q⃗.

Step 4. Let En =
∑n

i=1 ||S ′
i − Mi||2, where n is the iteration number. The algorithm

terminates when any one of the following conditions is satisfied. (1) |En − En−1| < δ, in
which δ is the preset threshold. (2) n > Imax, in which Imax is the preset iterative limit.
If any one of these two conditions is unsatisfied, the algorithm jumps to Step 1 for the
next iteration.

4. Experiment and Results. Use 3D-CaMega-CPC flow binocular optical scanning
device to scan the experimental part twice, with an interval degree of 15◦, to get two
point clouds of different coordinates. After removing the extra data and noises, the
numbers of the two point clouds are 164538 and 165425. Perform the test in a hardware
environment of Intel (R) core (TM) i3-4150-CPU@3.50GHz-4.00GB memory. The main
aim is to verify whether the method proposed here is relatively more accurate than other
methods that establish correspondence through the points in the target. Three algorithms,
variants of the ICP algorithm, are tested with the same data for contrast. The mean
distance of corresponding points is computed to value the registration accuracy, that is
E = 1

N

∑N
i=1 ||S ′

i − Mi|| where N is the number of the source.
The initial point clouds are shown in Figure 2(a). Record the original mean distance

between the corresponding points. Write programs according to the corresponding doc-
uments, using c++ language and applying KD-tree to improve algorithm efficiency. In
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(a) Point clouds for reg-
istration

(b) Point clouds after performing algorithm [15]

(c) Point clouds after performing the algorithm pro-
posed in this paper

Figure 2. The results of the algorithms

Table 1. The data comparison of different algorithms

number of points
initial E/(mm) total time/(s) final E/(mm)

source target
algorithm [7] 164538 165425 92.293 205 1.36335
algorithm [14] 164538 165425 92.293 3211 1.00341
algorithm [15] 164538 165425 92.293 587 1.01121
this algorithm 164538 165425 92.293 3881 0.83611

order to avoid generating false correspondence caused by non-overlapping regions, set the
point cloud with fewer points to be the source and the one with more points to be the
target. The comparison algorithms are applied to the two initial point clouds, and force
the source gradually close to the target. Record the operating time and the mean distance
of the corresponding points of each algorithm when the program exits. The registration
result of algorithm [15] is shown in Figure 2(b), from which we can see that the sharp
region is unsatisfying and thus this registration result cannot meet the actual requirement.

Select the bicubic Bezier curved surface to be the local approximation surface and set
the parameters k = 30, u = 0.1, v = 0.1 and Imax = 10. Program according to the
algorithm described in this article using c++ language and the existing PCL and CGAL
libraries. Apply this program to the data above, and the registration result is shown
in Figure 2(c) at the same magnification, which clearly demonstrates that the algorithm
proposed here performs better. All the result data is shown in Table 1. This algorithm
performs better in term of accuracy in contrast to the comparison algorithms.

5. Conclusion. Point clouds acquired by contact or non-contact 3D measurement de-
vices are under different coordinate systems; therefore, the original ICP registration al-
gorithm will cause registration errors. The proposed algorithm constructs approximation
surfaces to represent the real local surface of the real part, and attempt to get more reli-
able points through the surfaces as the corresponding points. The points in local area of
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the target are firstly parameterized, based on which a Bezier surface, the approximation
surface, can be determined. Then the optimal correspondence is obtained with the benefit
of this surface, and thus the more precise transformation matrix is obtained. Even though
this algorithm is a little more time-consuming, it is fully functional when accuracy is the
top priority.

The principle of this algorithm does not conflict with the existing variants of the ICP
algorithm, so it could be combined with the existing algorithms to further improve the
performance. Following study of this algorithm could focus on two aspects: 1) improve
the precision of building local approximation surfaces, and 2) optimize the operation
efficiency of this algorithm so that the algorithm can be combined with the existing
reverse engineering software for more widespread use.
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