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ABSTRACT. In this paper, we first present the generalized two-parameter overrelaxation
(GTOR) iterative method for solvmg linear system Ax = b. Two kinds of preconditioners
S are proposed. We set A and S to be the same 2x 2 block structure. Next, we provide the
convergence analysis. The results show that our preconditioners increase the convergence
rate of the GTOR iterative methods. Finally, we give the iterative algorithms and present
a numerical example to illustrate the theoretical results.
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1. Introduction. In this paper, we consider the following linear system:
Ax =0, (1)

where A € R™*" is a nonsingular matrix and x,b € R".

To solve the linear system (1), the generalized accelerated overrelaxation (GAOR) iter-
ative method has been used widely where A is split into A = I — L —U (see [1, 2, 3, 4, 5]).
As is well-known, all the elements in L and U are considered as a whole in the GAOR
scheme. It does not seem reasonable since the case where the elements of A vary a lot in
magnitude usually occurs in practice. Thus, we also consider the case that the lower part
of A is split into two parts.

In this case, we assume that A =1 — Cp ;1 — C1o — Cy where [ is the identity matrix,
Cy is strictly upper triangular matrix, while C7; and Cps are strictly lower triangular
matrices, and then the two-parameter overrelaxation (TOR) iterative method is proposed
by [6, 7].

In order to accelerate the convergence rates of the GTOR iterative methods, an effective
way is to transform the original system into the preconditioned form

Az = b, (2)
where A — PA — (1+§)A and b = Pb = (I+§)b.

Unlike the discussion in those papers, we set matrix A to be 2 x 2 block structure in
this paper. If Cy is ordinary upper triangular matrix, in order to solve (1), using the
thought of dividing matrix to blocks, we split A as

B 0 0 0 O B, —-D
A_]_(—010>_(—020>_(0 Bg)’
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where C' = Cy + Cy = (€i)pp B = (0)) . Ba = () and D =
pPXPp (n—p)x(n—p)

(dij)px(n—p)- Thus, we get a generalized TOR (GTOR) iterative method which can be

defined by
W+

gD = g 4 0 (3)
where
I 0\ "
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Set S to be a 2 x 2 block matrix [§]

5 S 0

5-(50) (
where S is a p X p nonsingular matrix with p < n and P € R™"™. Obviously, S is with
the same block form as matrix A.

Choosing different kinds of S, which is denoted by S;, (i = 1,2, ...), we can express the
coefficient matrix of (2) as

T (0 8)- (8 ) (s gy

i=1,2,....

Then the preconditioned GTOR (PGTOR) iterative methods for solving (2) are defined
as follows

where
7 -1
W_ (- to ° (1_1—3)1
w,y _Ol + —02 I 2 2
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) Y+ w Y4 w
) (1 ! 2)1+ SoIB = ST B)] — T+ S)D o
T,y T,y
with
h_Ytw (v v+w)y
W = 5 (5—1)01—< 4) Ci[B1 =5 (I = By)]
(Y+w)w Y+w jw
- LG B - S (- By + 1 (2—1)02,
7’2(2i):(1—%—g)]+WQ(I+S¢)D+W@(I+S¢)D+7+wB2.

This paper is organized as follows. In Section 2, we first present some results, then
two kinds of preconditioners are proposed and the comparison conclusions are obtained,
which are not only between the preconditioned and original methods but also between
different preconditioned methods. The results show that our preconditioners increase the
convergence rate of the GTOR iterative method. In Section 3, algorithms are presented.
In Section 4, an example is proposed to show the effectiveness of the present algorithms.
Finally, Section 5 concludes the paper.

2. Convergence Analysis and Comparisons. For later reference, we need the follow-
ing results.

Lemma 2.1. [9] Let A be a nonnegative and irreducible n x n matriz. Then,

(i) A has a positive real eigenvalue equal to its spectral radius p(A).
(ii) To the spectral radius p(A), there corresponds an eigenvector x > 0 such that Ax =

p(A)x.

Lemma 2.2. [10] Let A be a nonnegative and irreducible n x n matriz. If 0 # ax <
Az < Bz, ax # Ax, Az # Bz for some nonnegative vector x, then o < p(A) < (8 and x
18 a positive vector.

In (6), we take two kinds of S as follows.

Si=| ¢ o, &= AN
b b
L ) 22430 -0 0
(6] (0]

where b;; are related to bg;) in matrix Bj, and «, § are randomly chosen real parameters.

We have

b11 b1z T bip
By — Si(I — By) = bp—1.1 bp—1,2 e bp-1,p ’
b1 bp1 bp1
bp1 — %(1 —bu) bp+ %bm e byt %bm
By — Sy(I — By)
b11 b2 bip
= bp_l 1 bp—l 2 bp—l P
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Now, we first discuss the convergence of the PGTOR methods and give comparisons
between the GTOR and PGTOR methods.

Theorem 2.1. Let 7., and ’];(17) be the iteration matrices associated to the GTOR and
PGTOR methods, respectively. If the matriz A in (1) is irreducible with D <0, By > 0,
By >0,01<0,0:,<0,0<w+v<2,w>0,v>0,b1 >0, «a>0, a>1—by, then

(i) If p(L.y) <1, then p (Tw(lw)) < p(Ton)s
i) 1f p (7o) > 1, then p (T > p(T..y).

Proof: From (7), we have

(1—1—f)l+7+”31 e
T 2 2 2 2
w,y
7+w<w ) ( ¥ w) v+ w
1 1— L 27T B
2 \2 G 5 )it
+(7—|—w)w 0 0 (11)
4 ~CyB, C,D
0 0 (
v 4 w)y 0 0
+<7;”(%—cho>+ 1 (—a&qp)'
Since D <0,B,>0,B,>0,C1,<0,05<0,0<w+v<2,w>0,v>0, it has
(1—1—5)1+7+”Bl Ry
2 2 2 2 -0
Y+w fw voow v—i-wB -
——1)0 (1————)[
2 (2 2 5 T g) it
(v +w)w 0 0 0 0
1 —c,B, D )T 7;“’(%—1> C, 0
(v +w)y 0 0
R —o.B, o,p )=

and the matrix 7, ., is nonnegative. Since A is irreducible, from (7), it is easy to see that
the matrix 7, , is also irreducible.

Similarly, since b,; > 0, @ > 0, we have S; > 0, then (I + S1)D < 0, meanwhile, for
a > 1 — b1, we have By — Si(I — By) > 0, so it can be proved that the matrix 7;(17) is
nonnegative. The condition o > 1 — by; ensures that the matrix By — S;(I — B;) has the
same irreducibility as Bj, so the matrix ’ZL(IV) is also nonnegative and irreducible.

By Lemma 2.1, there is a positive vector x, such that

1T = AT, (12)

where A = p(7,.). Clearly, A\ = 1 is impossible; otherwise, the matrix A is singular.
Hence, it gets either A <1 or A > 1.
Now, from (12) and by the definitions of 7, , and ’];(17), we have

’]Zf?x — Az
= (T - Ts)x
g (1-B) —Yep
= 2 2 x
Y - Tn Ty — Tny

(S 0 —w;”(f—Bl) —”;”D i
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w+y w+y
:<51 0) - (1-By) == D)x
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Sl 0

+w
72(11) — T = 1 1 (vC1 +wCs)S1 (I — By),

v+ w

Tny) — Top = (YO + wC) S D,

1
Ml = —5(’}/01 + CUCQ)Sl.
Since C; <0,y <0, w>0,7v>0,5 >0,5 #0and z > 0, it derives

Sl 0 Sl 0
1 > 1
—5(’)/01 + (UCQ)Sl 0 = O’ —§<’)/Cl + CUCQ)Sl 0 v 7& 0’

(i) If A < 1, then ’1;(17)1: —Ar <0, ’2:517)95 — Ax # 0. By Lemma 2.2, Theorem 2.1(i) is
proved.
(i) If A > 1, then Tz — Az > 0, ’];(ly)x — Ax # 0. By Lemma 2.2, Theorem 2.1(ii) is
proved.

Theorem 2.2. Let 7, ., and ’];(27) be the iteration matrices associated to the GTOR and
PGTOR methods, respectively. If the matriz A in (1) is irreducible with D < 0, By > 0,
By>0,0,<0,0,<0,0<wt+7<2,w>0,7>0,03¢ (—%,bpl(ﬁ—l» when

«

1—by1>00rpe (—l%l,%—oo) when 1 — by < 0, then

() If p(Tos) < 1, then p(T2)) < p(T5);
(i) 1f p(Tog) > 1, then p(T2)) > p(T..o).

Proof: When D <0, B, >0,B,>0,C1<0,(5,<0,0<w+7vy<2,w>0,v>0,
7.~ is nonnegative and irreducible, it has been proved in Theorem 2.1.
Since (I + S9)D <0, By — S2(I — By) > 0,0 < w+ v < 2, it can be proved that the

matrix ’];(27) is nonnegative. The condition § € <—l%1, by <ﬁ - é)) when 1 —b;; >0

or 3 € (—bﬂ, —|—oo> when 1 — by; < 0 ensures that the matrix By — So(I — Bj) has the

«

same irreducibility as By, so the matrix ’12,(27) is also nonnegative and irreducible.
The rest proof is similar to the previous proof in Theorem 2.1.
Then we also give comparisons between different PGTOR methods.

Theorem 2.3. Let 7, be defined by (7), and 7;(17) and ’]1,(27) be defined by (10). Under
the assumptions of Theorems 2.1 and 2.2, then

() If >0, p(Tos) < 1, then p(T0) > p(T2);
(i) If 8> 0, p(T,,) > 1, then p(’];%?) - p<7;<37>>;.
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(ili) If B <0, p(Zo) <1, then p(TJ?) < p<’];(27)>,
(iv) If <0, p(Zy) > 1, then p(’]@@) > p(’]&,@)

Proof: The given conditions imply that the matrices 7, ,, ’]Z,(lfy) and ’2;(27) are nonnegative

and irreducible. By Lemma 2.1 and the definitions of ,];51')2 and 7;;(27) , we have
TWy — TP

wyy wyy
= (T~ ) — (T2~ )
= [£0) ~ Lu)a — [£O) ~ Lo] 2

S1 0 S 0
=A—-1 1 —(A—1 1
( ) —5 ("}/Cl -+ (UCQ) Sl 0 t ( ) —5 ("}/01 + CL)CQ) SQ 0 *

I 0
=A-=-1 1 Sy — S
( )<—§(701+w02) 0>( L )T
Under the conditions of Theorem 2.1 and Lemma 2.1, we can know that

I 0
1 >0 0
—5(’701 +WCQ) 0 - >0

meanwhile, it is easy to know that
Whenﬁ>0,0§5&§5’2 andSl#Sg,thusSl—SggO, 51—827&0,
(i) If A < 1, then ’];(17):10 — ’Z)(QW)x >0, 7;5293 - ’]L(%y):v # 0.

By Lemma 2.2, Theorem 2.3(i) is proved.
(i) If A > 1, then TL(ly)x - ’];(27):1: <0, ’]L(lfy)x — ’]L@x # 0.

By Lemma 2.2, Theorem 2.3(ii) is proved.
Whenﬁ<0, 51ESQEOandSl#Sg,thussl—SQZO, 51—527&0,
(iii) If A < 1, then 7;(17)95 - 7;(27)1' <0, ’];(17)3: - 7;(27)56 # 0.

By Lemma 2.2, Theorem 2.3(iii) is proved.
(iv) If A > 1, then ’];(17)56 - ’ZL(%Y)x >0, ’2;(17)1: - ’ZZJ(Qy)x #0.

By Lemma 2.2, Theorem 2.3(iv) is proved.

3. Algorithms. Based on the above analysis, the resulting algorithms are summarized
as follows.
Algorithm 1 (GTOR algorithm for solving (1)).
(1) Input n, w, v, p. Set (0 = 0;
(2) Compute z*+1) by (3);
(3) Stop if the stopping criteria H:c(k“) — x(k)” < tol or k > max are satisfied; otherwise,
set k:=k + 1, go to step (2).
Algorithm 2 (PGTOR: (i = 1,2) algorithms for solving (2)).
(1) Input n, w, v, p, a, 3. Set (» = 0;
(2) Compute z*+1) by (8). Set i = 1,2, respectively;
(3) Stop if the stopping criteria Hx(k“) — x(k)H < tol or k > max are satisfied; otherwise,
set k:=k+ 1, go to step (2).

4. Numerical Example. In all cases, all iterations were started from the zero initial
vector and terminated when ||(L‘(k+1) — z® HOO < 1072, where z®) denotes the kth iterative
vector for the corresponding iterative method. The maximum number of iterations of all
tests was 1000. All calculation results were obtained using the TOSHIBA computer of
which the CPU is Inter(R) Core(TM) 2 Duo, the computer memory is 2 G and the
operating system is Win7, and all test programs were written in Matlab 7.9.
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Example 4.1. Consider the following boundary value problem
Au=0, 0<zr<2, 0<y<?2 (13)
with boundary conditions

u(0,y) =0, u(2,y)=y2-y), 0<y<?2

u(z,0) =0, wu(x,2)= {

x O<ax<l1
2—z 1<zx<?2

When the central difference scheme on a uniform grid with N x N interior nodes
(N2 = n) is applied to this Equation (13), we can obtain a system of linear equations (1).
The test matrix A and vector b arise from five-point discretization of the second order
PDE Au = 0.

Then we test for the GTOR iterative method and its two preconditioned inversions. In
Table 1, GTOR stands for the GTOR method, PGTORz represent the PGTORz methods
which are with preconditioned matrix I + S; (i = 1,2), respectively. We denote the
number of iterations by IT, and the program execution time by CPU. The parameters n,
w, v, p, @« and ( are randomly chosen parameters which meet the conditions of former
theorems and corollaries in Section 3 when we choose C = %C , Oy = %C.

TABLE 1. CPU time and the number of iterations of the GTOR algorithm
and two preconditioned GTOR algorithms

GTOR PGTOR1  PGTOR2
g IT Ccpu IT CPU IT CPU
534 0.359 534 0.328 516 0.317
523 3.338 523 3.119 507 2.808
510 14.601 510 13.184 498 12.251
002 48.407 502 41.532 497 38.381

no w Yy p

a
400 0.8 0.5 100 2
900 0.8 0.5 300 3
4
3

1600 0.8 0.5 500
2500 0.8 0.5 1000

_—N N =

From Table 1, we can see that the PGTOR: (i = 1,2) algorithms are better than
the GTOR algorithm. In addition, the PGTOR2 algorithm is better than the PGTOR1
algorithm. Especially when the order of matrix A (namely n) is large enough, the time
advantage of the former methods is obvious. These conclusions are in accordance with
the theoretical results in Section 2.

5. Conclusions. In this paper, we have provided comparison results of several types of
PGTOR methods for solving a linear system (1). What really sets the matrix A and the
preconditioners apart is the block structure (6) which is seldom considered before, and we

can also consider the other three S , with S lying in other locations S = ( g g ), S =

( g 8 , S = 8 g . Furthermore, it is difficult to select the optimal parameters

of w, v, @ and 3. These all require further study.
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