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ROBUST OUTPUT TRACKING CONTROL OF VTOL AIRCRAFT
BASED ON IMMERSION AND MANIFOLD INVARIANCE
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ABSTRACT. This paper presents a robust output tracking control strategy to force an
input-disturbed non-minimum phase vertical take-off and landing (VTOL) aircraft to
asymptotically track a given reference trajectory. To attenuate the effects of input dis-
turbances, an adaptive system immersion and manifold invariance (161) disturbance es-
timator is developed. The design of disturbance estimator separates from the controller,
which makes the resulting modular adaptive controllers easier to tune compared to clas-
sical adaptive control method. By employing two global coordinate transformations, the
tracking problem of the VT OL aircraft is converted to the stabilizing problem of two error
subsystems. Then based on the adaptive 161 disturbance estimators, we propose two low-
dimensional controllers separately to stabilize the decomposed subsystems, and make the
overall closed-loop system exponentially stable. Numerical simulation results and stability
analysis demonstrate the effectiveness and robustness of the proposed control method.
Keywords: Output tracking, VTOL aircraft, Immersion and invariance, Input distur-
bances

1. Introduction. Over the past few years, the control problem of VTOL aircraft has
attracted much attention from control community due to its broad applications and theo-
retic difficulties [1]. The main difficulty of VTOL aircraft control is that it is non-minimum
phase and underactuated [2-5]. The existing work with respect to VTOL aircraft con-
trol can be divided into two main branches: the stabilization control and the trajectory
tracking control. Recently, numerous control methods have been proposed. In [6,7], the
input coupling was ignored and the approximate input-output linearization method was
applied to stabilizing the unstable zero dynamics. On the other hand, in [8] the original
system was decomposed into the minimum and non-minimum phase parts, and then the
two controllers are designed respectively to control the corresponding subsystem. In par-
ticular, a nonlinear observer was designed and a backstepping technique was applied to
achieving global output tracking of a VTOL aircraft in [9,10]. [11] offered a new method
for achieving global stability in a VTOL aircraft with bounded thrust input. It should
be pointed that all of aforementioned works ignore the effects of input-dependent distur-
bance uncertainties. Actually, there exist the uncertainties such as inaccurate torques
of the control motors, the bias of center of gravity and the ground effects. If not dealt
with properly, they may produce a significant degradation in the tracking performance
or even lead to loss stability. In the case of [12], a robust output tracking control scheme
for a VT OL aircraft was established in the presence of input disturbances, but the design
process was very complex and difficult to realize. Moreover, the similar results are few.
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To deal with this problem, we develop a robust adaptive output tracking control strategy
to force a VTOL aircraft in the presence of input disturbances. The method is based on
an adaptive I&I (system immersion and manifold invariance) approach [13-15], which
can guarantee that the disturbance’s estimation converges to its true value. Because the
I&I approach allows the prescribed asymptotically stable dynamics to be assigned to the
estimation error, the resulting modular adaptive controller is easier to tune compared to
classical adaptive control method. So, it is suitable to compensate and estimate the input
disturbances online.

The remainder of this paper is organized as follows. The system dynamics of the
VTOL aircraft and decoupling transformation are formulated in Section 2. In Section
3, we present the adaptive I&I estimation law. The robust control strategy is given in
Section 4. The validity of the proposed control strategy is illustrated via simulation results
in Section 5. Finally, conclusions are drawn in Section 6.

2. Problem Statement and Preliminaries. According to [6], the nominal mathemat-
ical model of the VTOL aircraft moving in vertical-lateral plane is described as

T = Ty

fg = —(ug + &1(t)) sinas + e(ug + &(t)) cos s

T3 = Ty (1)
Ty = (w1 +&(t)) coszs + e(ug + &(t))sinas — g

Ts = L6

T = uy + (1)

where z1, x3, and x5 denote respectively the position of the aircraft center of mass and
roll angle, and x5, x4, and xg denote linear and roll angular velocities of the aircraft, and
up and ug are the thrust and the rolling moment, respectively; g > 0 is the gravitational
acceleration, and ¢ is a small constant coupling between the roll moment and the lateral
force; & (t) and &,(t) are the thrust and rolling moment disturbances, which are matched
with the inputs. The outputs of the controlled plant are y; = x1, y» = x3 and y3 = x5.

By setting 7 = x5 = 23 = x4 = 0 and without considering & (¢) and &;(t), it can be
obtained that |

flf’5 = g sin Ty

that is, the zero dynamics of the aircraft model (1) is asymptotically unstable for e # 0
which means that the VTOL aircraft is non-minimum phase [6].

For system (1) we assume that input disturbances & (t) and &(t) are bounded and
derivable, and their derivatives are also bounded.

Define d;(t) = —& (t)sinxs + £&2(t) cos xs, do(t) = &1(t) cosxs + &a(t) sinxs, d3(t) =
&(t), and system (1) becomes

Ty = @9

To = —uy sinxy + cug cos x5 + di ()

L3 = 4 . (2)
Ty = ujCcosxs + cug sinws — g + da(t)

T5 = g

i‘@ = U9 + dg(t)

In this paper, the control objective is to design a robust control law so that the output y;
and yo can asymptotically track the given reference trajectories y;4 and ysq4, respectively,
while keeping the internal dynamics (x5, z6) stable.



ICIC EXPRESS LETTERS, PART B: APPLICATIONS, VOL.7, NO.2, 2016 331

2.1. Coordinate transformations. In order to make u; and uy not appear in internal
dynamics, we use the input coordinate transformation for Equation (2) to obtain

Ty = @9

.7.32 = w; + dl(t)

T3 = T4

Ty = wy + da(t) (3)
Ts = Te

) 1 . g .
T = —wy cos Ty + —wy sinxs + = sin s + ds(t)
€ € €

where w; and wy are new inputs defined by the locally invertible feedback transformation
Uy —sinas €cos s - wq
uy | CcoS T esinz wo + (4)
2 5 5 2 T4
2.2. System decomposition. To solve the tracking problem, we utilize a decomposition

approach described in [8]. Introducing the following coordinate transformations

€1 =T1 —Yid, €2 = T2 —Yid, €3 = T3 — Yad, €4 = T4 — Y2d (5>
U1 = W1 — Yd1, V2 = W2 —Yg2, T = Ts, T2 = ETg — €2CO0ST5 — €451 T

therefore, the tracking error system becomes

€1 = €

ég =V -+ dl (t)

€3 = €4

m = g(ng + ey cosmy + eq8in 1)
1

Ty = g(ﬂg + ey cosny + egsinny)(easingg — eq cosny) + Yar cosm + (Yao + g) sinmy

where v; and vy will be designed in the following.
The unstable zero dynamics of tracking error system (6) can be written as

i =T (ne.Ya) ()
T T C . . T
where 7 = (771,772) , €= (61, €2, 63764) ,and Yy = (ydlade) .
Because of ) )
or (n, e, Yd) or (77, e,Yd>
_— 75 02><27 N - 02><2 (8>
8(617 62) 8(63, 64)
0] 0]

system (6) can be divided into the following two parts, that is, a minimum phase part for
control of vertical flight dynamics:

é3 = €4
é4 = V2 + dg(t) (9>

and a non-minimum phase part for control of the coupled horizontal and roll flight dy-
namics:

€1 = e
ég =1 -+ d1 (t) (10)
7;] =T <777 €, Yd)

Up to now, the tracking problem of original system (2) is transformed into the stabi-
lization problem for error subsystems. On the basis of above decomposing, we can design
the controllers for two subsystems, separately.
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3. Adaptive 1&I Disturbance Estimator. In this subsection, two adaptive 1&I dis-
turbance estimators will be designed to compensate the input disturbances. According to
adaptive I&I principle, we construct the disturbance estimation laws as follows.

Let disturbance estimation errors be

21(t) = dy(t) + Biler, e2) — du(t) (11)
2(t) = da(t) + Pales, eq) — da(t) (12)

where d;(t) is the disturbance estimation of d;(¢), and 3i(+) is a smooth function to specify
latter, ¢ = 1, 2.
Differentiating (11) and (12) with regard to time yields

. i, 0B I _ i 06 b 5
zZ1 = dl + 8_6162 + 8—62(’01 -+ dl(t)) = dl + _861 €9 + _862 (Ul + dl(t) + 51 — Zl> (13)
.5 0B 0fs _ i 0B 90 ;
Z9 = d2 + 8_6364 + 8—64(1)2 + dg(t)) = dg + 8_6364 + 8_64 (’UQ + dg(t) + ﬂg — Z2> (14)

Noticing (13) and (14), we can design adaptive estimation laws

i 0h O 5
dl = _8_6162 — 8_@2 (Ul -+ dl(t) —+ 61) (15)
X 0 0 .
dy = _8_532,64 — a—fz <Uz + dy(t) + 52) (16)

Substituting (15) and (16) into (13) and (14), respectively, results in the following
disturbance estimation error dynamics

. 0
21 = —8—52121 (17)
, 0
9 = _a_szQ (18)
Thus, natural selections for (1 and (5 are
51(61, 62) = )\162 (19)
52(63, 64) = Aaey (20)

where \; can be an adjustable positive constant, ¢ = 1, 2.

Lemma 3.1. For the error estimation system (13), if we choose the smooth function (19)
and design the adaptive law (15), the closed-loop system is global exponential stable.

Proof: Substituting (19) into (17) yields 21 = —Ajz1, since Ay > 0, closed-loop
system is global exponential stable, that is, disturbance estimation error z; converges
to zero exponentially, i.e., tlim z1 = 0, which demonstrates that the manifold M; =

— 00

{(el,eQ,cZ1> azl(t) + Pi(er, ea) — dy(t) = O} of z is invariant and attractive. Hence, it

can improve the convergence performance of the estimation error by selecting the gain of
the adaptive law properly.

Lemma 3.2. For the error estimation system (14), if we choose the smooth function (20)
and design the adaptive law (16), the closed-loop system is global exponential stable.

Proof: Since the process is similar to Lemma 3.1, it is omitted here.
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4. Control Design and Stability Analysis.

4.1. Design of controller. On the basis of the aforementioned decomposition technique,
we choose an optimal control law for the minimum phase dynamics (9)

vy = —le3 — lyey — CZQ - 52(637 84) (21>

where (I1,ly) = K = R"!BT P is the optimal gain and P is the positive definite solution
of the algebraic Riccati equation: PA + ATP — PBR'BTP =—- Q. R and Q are
positive definite and symmetric matrice appropriately.

Note that the minimum phase dynamics is completely decoupled from the non-minimum
phase dynamics. It means that the vertical dynamics will not be affected by the aircraft
horizontal and roll dynamics. We utilize the sliding mode method to design a controller
for system (10) such that the origin of (10) is an asymptotical stable equilibrium.

Let puy = eg, po = ey, 7’]177]2]T, Equation (10) can be rewritten as

fi1 = v, + dyp(t)
fiz = p (6, , Yd>
where
p (67 1, Yd)
€2

1 .
_ g(ng + ey cosmy + eg8in 1)
1

g(ﬁz + eacosmy + eqsinny)(egsinng — ey cosny) + a1 cosny + (Ya2 + g) sinmy

Linearizing the second equation of (22) results in

fio = Aapia + Aipin + 0 (67 1, Yd) (23)

where

Ay = Pienta) %mm) - [1 ! or, A= MAGD) <€’U’Yd)
€2 ) € dler m . 0 g

o <67777}“/d> =P (67777 }/;i) - A2M2 - Al,ull-

It is obvious that (Asg, A;) is completely controllable.
Define a sliding mode variable for system (22)

s =y — Mpus (24)

oM | = O

Here M = [m; mgy mg]T can be chosen such that A, + A; M is Hurwitz.
Thus, the sliding mode adaptive controller for system (22) can be designed as:

vy = Mp —dy — Bi(er, e2) — hsign(s) (25)
where h is a positive constant, and d; is given in (11).

4.2. Stability analysis. To verify the validity of our control strategy, we provide the
stability analysis for the proposed controllers.

Theorem 4.1. The control law consisting of (15) and (21) can force the minimum phase
system (9) exponentially stable if the design constants l;, i = 1,2 are chosen such that the
algebraic Riccali equation holds.
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Proof: Substituting (21) into (9) yields the closed-loop system
€3 = ¢4

é4 = —1163 — l2€4 -+ Z9 (26)

From aforementioned argument, we have lim z5 = 0, then the closed-loop minimum

t—o0
phase system is exponentially stable and hence, for any differentiable output command
Ya = (Y1d, Y2d), Y2 = T3 — Y2q and g = 14 — Yog as t — 00.

Theorem 4.2. The control law consisting of (16) and (25) can force the non-minimum
phase system (10) exponentially stable if we choose the sliding mode surface (24) and the
design constant vector M such that Ay + A1 M is Hurwitz.

Proof: Consider the Lyapunov function

1
V= 532 (27)

Taking the time derivative of (27), and substituting into (15) and (26) yield
V =s5=s5(iy — Mjiy) = —215 — hy|s|

Seeing that z; converges to zero exponentially, we can obtain V < 0. There exists time
ts, for t > t,, such that s = 0. Therefore, for t > t,, we have

:uQ = AQMQ + A1/~L1 +o0 (6, n, Yd) - (AQ + AIM)M2 +o0 <67 n, Yd) (28>

Since o <e, n,Yd> is high-order item and As; + A3 M is Hurwitz, the closed-loop non-

minimum phase part is exponentially stable, so it follows that e; — 0, n; — 0 and ny, — 0
as t — 00, i.e., Yy — Y14, as t — oo. Furthermore, noticing s = 0 we arrive at e; — 0 as
t — 00, i.e., 1 — Y14, as t — oo. In light of (5), we can further deduce that x5 — 0 and
x¢ — 0 as t — oo. Hence, the internal dynamics of original system (2) is stable.

5. Simulation Results. In the following, we use a numerical simulation to illustrate
the effectiveness of the proposed method with ¢ = 0.5. Gravity acceleration g = 9.8.
The estimation and control gains are chosen as: A\; = 50, Ay = 20, h = 2, [; = 1.4142,
lo = 2.1974, Q = diag(100,100), R = 50. The input disturbances are & (t) = &(t) =
0.5sint. The initial conditions are taken as x(0) = [1.4 0.01 —0.5 0.01 0.05 0], and
the reference trajectory is y4s = cost, y4o = sint.

The simulation results are shown in Figures 1 to 4. Figure 1 shows that the position
tracking errors asymptotically converge to zero within 6s, while Figure 2 illustrates that
the attitude and angular velocity also converges fast. This means that the presented con-
trollers exhibit considerable tracking performance in the presence of input disturbances.
Figure 3 is the control input curves. Figure 4 presents the results of the disturbance
estimation, and it can be seen that the disturbance estimation d; and cfg, respectively
converge to d; and dy within 0.5s, implying that the adaptive 1&I disturbance estima-
tor also exhibits excellent performance to deal with the disturbances. Consequently, the
proposed method is effective and feasible.

6. Conclusions. A robust control strategy based on adaptive 1&I control to achieve out-
put tracking for a non-minimum VTOL aircraft with input-dependent disturbance has
been proposed. To attenuate the effects of input disturbances, we construct an adaptive
[&1 disturbance estimator. The design of disturbance estimator separates from the con-
troller, which makes the resulting modular adaptive controllers easier to tune compared
to classical adaptive control method. Then, on the basis of the adaptive I&I disturbance
estimator, the system decomposition, the optimal control and the sliding mode control,
two low-dimensional controllers have been designed for both the minimum phase and the
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non-minimum phase subsystems. The resulting controllers not only force the VTOL air-
craft to asymptotically track the desired trajectories but also keep the internal dynamics
stable. Finally, simulation results have verified the validity and robustness of the proposed
controllers.
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