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ABSTRACT. This paper deals with finite time stabilization (FTS) for a class of switched
systems. Based on multiply Lyapunov Krasovskii function and average dwell time ap-
proach, the sufficient conditions on the existence of stabilization controller are established.
Furthermore, the conditions are transformed into LMIs via a novel method. Finally, a ro-
bust state feedback controller is built such that the switched system is finite time bounded.
The simulation experiment illustrates the validities of the obtained results.
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1. Introduction. The switched system is an important kind of hybrid systems [1]. Tt
is widely applied in industrial fields and extensively investigated by researchers [2]. In
particular case, if system state is bounded in specified time interval, then an unstable sys-
tem may meet application requirements [3]. Thus, the concept of finite time boundedness
(FTB) is of great significance. Recently, the FTB and FTS have attracted attention of
researchers. Based on multiply Lyapunov function, Lin et al. analyzed FTB for switched
system with fixed delay [4]. Since time delay usually varies with time, the problems of FTB
and FTS were studied for switched linear systems with time varying-delay [5]. Switching
laws could be divided into time-dependent and state-dependent switching law. Most of
the existing literature discuss FTB and FTS under time-dependent switching law. In [6],
FTS was investigated for switched system under state-dependent switching law. Although
the obtained results in above literature are valid, their mathematical calculations are very
complicated. Zhong and Chen presented a new FTB definition which could simplify the
analysis of FTB and FTS [7]. For switched system, switching behavior has great impact
on system state. Thus, when FTB and FTS are studied, it is necessary to analyze the
effect of switching behavior on state. In [8], the switching behavior’s impact on system
state was analyzed and an F'TS controller was built.

In practice, model uncertainty is universal and has great impacts on system state.
However, in most of literature, FTB and FTS are discussed without taking it into account.
In this paper, the problem of F'TS is studied for uncertain switched system. Since model
uncertainties exist in system, the obtained results usually are not LMIs. Therefore, a
novel method is presented to convert the obtained results into LMIs. Finally, a robust F'T'S
controller is built such that the switched system is finite time bounded. The contributions
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in this paper are as follows: (1) a novel method which could convert no-LMIs into LMIs
is presented; (2) the analysis of F'TS is greatly simplified by utilizing a new definition on
FTB.

In the rest of the paper, Section 2 will introduce some necessary definitions and lemmas.
The main results are given in Section 3. In Section 4, the validity of the obtained results
is illustrated by an example. Finally, the paper is concluded by Section 5.

2. Problem Statement and Preliminaries. Consider the following switched system:
#(t) = (Ao + AAa) 2(t) + (Bot) + ABo)) (t — h(t)) O

+Fg(t)u(t) + Gg(t)w(t) 0<h(t)<d 0<t,
where x(t) € R" represents system state; o(t) € m denotes the switching law; m =
[1,---,m|; Aoy, Bow), Fow) and Gy are known matrices; AA, ) and AByy) denote
uncertainties satisfying [ AAsyy AByp ] = Doy Mo [ Eomn Eoy2 ]; h(t) is time-
varying delay; u(t) represents system input; w(t) is external disturbance; (t) denotes the

vector-valued initial function; d is a positive constant. The desired feedback controller is
written as:

u(t) = Hope(t). 3)

Our task is to choose appropriate gain matrix H,) such that system (1) and (2) is

finite-time bounded. A closed-loop system is obtained via combining (1), (2) and (3).

JZ(t) = (Aa(t) + AAa(t) + Fg(t)HU(t)) :L‘(t) + (Ba(t) + ABa(t)) :L“(t — h(t)) (4)
+Gopmw(t) 0<h(t) <d, 0<t,

z(t) = ¢(t) te[=d0). ()

Some assumptions, definitions and lemmas are firstly introduced.
Assumption 2.1. System (1) and (2) is a continuous system with w’ (t)w(t) < 7.

Assumption 2.2. For time-varying delay in system (1) and (2), h(t) < p, 0 < h(t) < d,
p <1

Definition 2.1. [9] For given positive constants Cy < Ca, Ty, v and switching signal
a(t), if [|[x(to)|| < Cy = ||z(t)]] < Cy fort € [0,Ty], then system (1) and (2) is finite-time
bounded with (Cy,Cy, Ty, 0(t)), where ||z|| = > 1, a?; x; is the ith element of x. Specify
Cr= sup |[lz(t)].
te[—d,0)

Definition 2.2. For T' >t > 0, Ny (t,T) denotes the switching number of o(t) over
(t,T]. If Nywy(t,T) < No + TT—:t holds for 7, > 0 and an integer No > 0, then 7, is called
as average dwell-time [3].

Lemma 2.1. [10] For matrices D, E, and symmetric matriz Y, Y +DFE+ETFTDT < 0
holds for FTF < I if and only if there exists € > 0 such that Y +eDDT + ¢ 'ETE < 0.

3. Main Results.

Lemma 3.1. For givend > 0, A > 0, and p < 1, if there exist positive symmetric matrices
P, Q;, R;, J and positive scalars a and b such that

Yu BB, PG;  Elb P;

~

x (p—1)Q; 0 Efyb 0

x x J 0 0 | <0, (6)
* * x  (a—2b) 0

* * * * —al
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then
(O3 P;B; PG; Ef| P
« (p—1)Q; 0 EJ, 0
% x J 0 0 <0, (7)
* * * —el 0
* * * x  —e U

where Y1 = (A; + FiH;)" P, + Pi(A; + FH;) + Qi + dR; — AP,

Proof: Since a > 0, (a — b)?a™! > 0. Furthermore, a — 2b > —ba~'b. Then from (6),
we get
Y PB;  PBG; Eb P

x (p—1)Q; 0 EZ-TQb 0

* * J 0 0 | <0. (8)
* * x —ba~'bI 0

* * * * —al

Pre-multiplying diag{I, I, I, b=', I} and post-multiplying diag{I, I, I, b=', I} to
(8) yield
Y1 P.B; PG; Ef P

x (p—1)Q; 0 EEQ 0

* * J 0 0 < 0. (9)
* * * —a ' 0

* * * * —al

If letting a = e~!, then inequality (7) is obtained. This completes the proof.

Remark 3.1. Since e~ exists in inequality (7), inequality (7) is not LMIs. Lemma 3.1
could successfully convert inequality (7) into inequality (6) which is LMIs. By introducing
positive scalars a and b, inequality (7) is transformed into LMIs. The whole transforma-
tion process is very concise.

Theorem 3.1. For given positive constants Cy, Cy < Cy, Ty, v, p <1, X\, d, and 3 > 1, if
there exist positive symmetric matrices P;, Q;, R;, J, and matrix K;, and positive scalars
a and b such that

vy BB PBG;  Elb B,

* (p—1Q 0 EZ2b 0
* * —J 0 0 <0, (10)
* * x  (a=2b) O
* * * * —al
P < pBP;, Qi <pQ;, R <pR;, i€m, jeEm, (11)
Tf lnﬁ

T MGy 1+ InAs 1 In(®, + @) (12)
then under the controller u(t) = H;x(t), system (4) and (5) is finite-time bounded un-
der the switching law satisfying (12), where ®; = e*TINTy, &y = M7 (\; + dApe™ +
A3’ Cy, Yy, = ATP+ KI' + PA; + Ki + Q; +dR; — AP, H; = F/'P7YK;, A\ =
max A(FP;), Ao = max A\(Q;), A3 = max A\(R;), Ay = max A(J), A5 = min A(F;), max \(P;)
denotes the maximum eigenvalue of P;, and min \(F;) represents the minimum eigenvalue

of P;.

Proof: Construct multiply Lyapunov Krasovskii function for system (4) and (5).

t 0 t
Vi(t) :xT(t)Hx(t)+/th(t) e’\(t_s):vT(s)Qia:(s)dst/d /t+0 92T (§) Ry (s)dsdh. (13)



226 L. WANG, P. ZHANG AND Y. ZHONG

Take the derivative of V;(t) along the trajectory of system (4) and (5) on t € [ty, tg11).
Vit) = NVi(t) + &7 (8) Pie(t) + 2" (8) Pig(t) — Ao (8) Pie(t) + 2 () Qiae(t)
- (1 - h(t)) MOLT (¢t — (1) Qix(t — h(t)) + dz” (t) Ri(t)

¢
—/ A=92T (s)Ryx(s)ds
t—d

< AVi(t) + @' () Pa(t) + 2 (8) Pao(t) + 27 (6)(Qi + dR; — APy (t)
—(1- ) H(t = h(t))Qiz(t — h(t))
= AVi(t)+ | x(t —h(t)) * (p—1)Q; 0 x(t — h(t))
w(t) | * * 0 w(t)
+t) 1" ([¢. PB PG P, EF 7"
= AVi(t) + | 2(t = h(t)) { { « (p—1Q 0 |+ [ 0 ] M; [EQT]
L w(?) * sk 0 0 0
ET ] p" 2(t)
+ | BT | MP oo z(t—h(t)) | . (14)
0 ] 0 w(t)

According to Lemma 2.1, Lemma 3.1 and (10), we get
Vi(t) < AV 4+ w7 (t)Jw(t),
%(B_M‘/%(t)) < e Mt (t)Jw(t).

Let t; denote the instant of the Kth switching and t,- denote the instant just before
t. Integrate from ¢, to ¢t on both sides of (15).

(15)

t
Vi(t) < AVt +/ w? (5)eM %) Jw(s)ds

173

¢
Vi(t) < BeMVi(t, 1) +/ w? (5)eM ) Jw(s)ds
ti
Vi(t) < 2NV (tgqy-) 4 BerH)
—|—f:k w (s)eM=%) Jw(s)ds.

Assuming the switching times of o(t) over [0,7%] is N. By iterative calculation, it
follows

VD) < B0 3N [ )N Julgds
+BeAtte) .\ wT(s)e’\(t_S)Jw(s)ds—l—ﬁ? w” (s)e*=) Juw(s)ds

< ﬁNeAtV,;( +6N At fotl T /\(t—s Jw( )d5—|— ..

wl (8)ert=9) Jw(s)ds
R s

+pNeM ft’“ T(s)eAt=s Jw s)ds + ft T(5)eMt=9) Jw(s)ds )
— ﬁNe)\va( )‘f‘ﬁN ATff 8)6>‘t s)Jw< )dS
< ﬁNeATf‘/l( ) BN QATf)\max(J)Tf'Y
Vi(0) = 27 0) + [%y €N (s)ds+ [°, [ e aT () Ria(s)dsdf
< /\max( Z) sup {[E tﬂf }"—d)\max(Ql) Ad sup {ZET(t)ZB(t>}
—d<t<0 —d<t<0 (18)

+d2/\maX(Ri—)e_M sup {27 ()z(t)}
—d<t<0
= /\101 + d/\geAdCl + d2)\36)\d01.
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Vi(t) < gNeMr ()\1 + doe™M + d2)\3€)\d) Cy + BN e s ATy (19)
Vi(t) > 2" (1) Pc(t) > A (P 2" (82 (1) > %E{Amm(ﬂ)}ﬂ(t)x(t). (20)

Combining (19) and (20), it is obtained that
< ﬁNe’\Tf ()\1 + d/\ge)\d + dQ)\gekd) Cl + ﬂNGQATf )\4Tf7

2T () (t) (21)
As
On the other hand, it is inferred from (12) that
N < InCy + In A5 + In(P; + @2)’
In g
BN (@1 + ®y) < Cas,
ﬁNeATf<)\1 + d/\2€>\d + dQ)\ge’\d)C’l + ﬁNGQATf )\4Tf’}/ < 02‘ (22)

As
Therefore, z7 (t)z(t) < Cy. The proof of Theorem 3.1 is completed.

Remark 3.2. For inequality (14), if we only apply Lemma 2.1 to process it, the sufficient
conditions on the existence of robust stabilization controller would also be obtained. How-
ever, the conditions must be not LMIs which imply they could not be solved by MATLAB.
Therefore, we simultaneously apply Lemmas 2.1 and 3.1 to processing inequality (14). In
this way, the sufficient conditions could be presented in form of LMIs.

4. Numerical Example. Consider a switched system with
Subsystem 1: Al = {0'2 _0'4], Bl = [0'1 0 }, 1 = [1 O}, Gl =

0 —-04 0.1 0.3 01
0.1 —-0.2 0.1 0.2 10 —0.1 0.1
l 0 0.1 } bl = [—0.2 ~0.1 } ML= {0 1}’ Bl = [—0.2 0.1}’ B2 =
0.1 —01]
1 0.1 |’
—-0.1 0.1 0.1 0 05 0
Subsystem 2: AQZ[ 01 _0'3],32:[0.2 01},F2—{ 0 0.5},G2:

0.2 —0.1 02 0.1 10 0.1 0.1
lo.b’ 0.1 }’Dzz{o.z 0.1}M2:{ }7E21=[ | },E22=

0.1 0.1 |
{ 1 01 ]’

Time delay and initial function: () = [8 2]", h(t) = 0.5t.

By given conditions, we get p = 0.5, d = 5, C; = 68. Specify A = 0.1, § = 1.1,
Ty =10, v = 1, Cy = 200. Substituting these parameters into (10), (11) and (12) leads

—0.656 0.1734 —0.2619 —1.2313
O HL=1 01860 —0.1714 | H2= { 13706 —0.0821 | 20 Ta > 0-0989.

The simulation results of this example are shown in Figures 1 and 2. In Figure 1, the
switching number is 38 over ¢ € [0 10]. Thus, 7, = 32 > 0.0989. In Figure 2, the curve of
|z(t)|| is oscillatory, but ||z(t)|| < 200 = Cy for t € [0 10]. Therefore, under the designed
controller (3), system (1) and (2) is finite time bounded. The validity of Theorem 3.1
is illustrated by the simulation experiment. Besides, although the system is finite time
bounded, it could be inferred from Figure 2 that the system is not stable over ¢ € [0 10].
Thus, FTB is different from asymptotic stability. There are not any causal relationships
between them.
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FIGURE 1. Switching law FIGURE 2. The function of ||z||

5. Conclusions. In this paper, the problem of F'TS is investigated for uncertain switched
system by utilizing multiply Lyapunov Krasovskii function and average dwell time ap-
proach. The sufficient conditions on the existence of robust stabilization controller are
established and are presented in form of LMIs by using a novel method. In simulation
experiment, a robust FTS controller is successfully constructed such that system (1) and
(2) is finite time bounded. Thus, the validity of obtained result is illustrated. In this
paper, the time delay in system just exists in system state. However, time delay may
exist in system state and switching law simultaneously in practice. This case would lead
to great changes in switching instants and system state. The issue will be investigated in
the future work.
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